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What is a Poisson process?

Arrival rate m

Basic assumptions

e Consider a sequence of random arrivals
(occurrences of an event of interest)

e The time between two successive arrivals
varies randomly: it is a random variable

e The inter-arrival times are independent RV
arising from independent trials

e Observed average value of the inter-arrival
times = {time of the N-th arrival}/N

e Observed average » expected value of RV
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e Let 1/mdenote the expected value of the
inter-arrival time

e For large N, the total of N inter-arrival
times is roughly Ne(1/m =T

e The number of arrivals in a long time
interval of duration T is roughly N = nil

e mis called the arrival rate or intensity

e On average, there are ni arrivals in an
interval of duration T
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e At any time instant t, at most one arrival
can occur
e Assumptions: For small values of DT
= P{N(t, t+Dt] = 1} = mDT
mP{N(t, t+Dtf] =0} = 1 — mDT
= The numbers of arrivals in disjoint
intervals (i.e. non-overlapping intervals)
of time are independent
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P{no arrivals in (O, t]}

Distribution of the first arrival time

P{exactly k arrivals in (O, t]}

e The first arrival occurs at random time X;
o Py(t)= P{no arrivals in (0, t]} = P{X; >t}

o Py(t) = exp(—mt) fort 2 0
o Py(Dt) = P{no arrivals in (0,Dt] = exp(-mDt)
» 1 — mDt for small values of Dt

o P{X;>1t} =exp(-mt)fort3 0
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e The first arrival occurs at random time X;

o P{X;>1t} = exp(-mt) fort3 O

e Complementary CDF of X, is the same as
that of an exponential RV with parameter m

° fxl(t) = — derivative of complementary CDF

= mexp(-mt) fort3 0
e X, is an exponential RV with parameter m
e E[X;]=1/m
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e The k-th arrival occurs at random time X
e P, (t) = P{exactly k arrivals in (O,]}

dP,(t
e L = e + Py (0 PO =0
e Use LaPlace transforms to solve

_ (mt)k _ _
o Py (t) = K exp(—mrt) = P{N(O, t] = k}
where N(O, t] = number of arrivals in (0, t]

is a discrete random variable
o N(O, t] is a Poisson RV with parameter mt
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Distribution of the k-th arrival time

It's a Poisson process!

Waiting time for next k arrivals

e The k-th arrival occurs at random time X
o P{X, >t} = P{N(O, t] £ k-1}
= exp(=mt)e[1+(m)+(mt)2/21+...+(mt) <1/ (k-1)!]
° ka(t) = — derivative of P{X, > t}
= m[(m)kL/(k—1)!]eexp(—mt) for t > 0
= mexp(—nt)(m)<-L/G(K)

e The k-th arrival time X, is a gamma
random variable with parameters (k, m)

e For any fixed value of t,

PN, f =k} = T exp(-mn)

e N(O, t] is a Poisson RV with parameter nt

o N(t;, t,] = number of arrivals in (t4, ty] is a
Poisson RV with parameter nt,—t;)

e The RVs N(ty, t,], N(t3, t4], N(ts, tg], ... are
independent if the corresponding intervals
(ty, to], (t3, tal, (i, tg], ... are disjoint
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e The k-th arrival time X, is a gamma
random variable with parameters (k, m)

e Starting at any time t = t, the waiting time
for the next k arrivals has the same pdf

e It is not necessary to have an arrival at t
for this result to hold

o E[X,] = k/m= keE[X/]

e Average waiting time for k arrivals
= ke{average waiting time for one arrival}
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Distribution of the inter-arrival time

Example

An interesting result — set up

e The first arrival occurs at time X; =t

e Att =t, the experiment begins again

e X, = second arrival time

e X,— X, is the inter-arrival time

e Given X, = t, we set up a similar diff. eq.
for P{no arrivals in (t, t + ]}

e The inter-arrival time X, — X, is an
exponential RV with parameter m
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e The stream of packets arriving at a router
is modeled as a Poisson process with
arrival rate 5 per second

e On average, how many packets arrive at
the router in one minute?

e Average = arrival ratestime = 560 = 300

o P{12 packets in the next second}?

e # packets is Poisson RV with parameter 5
o P{12 packets in second} = exp(-5)*512/12!
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e Given that M packets arrived in (0, t], what
is the conditional probability that the first k
packets arrived in (0, t], where t < t?

o P{k packets in (0, t] | M packets in (0, t ]}
=P(N(O, t] =k} C {N(O, t] = M})

P{N(O, { = M}
= P(N(. 1] =K} C {N(t, 1= M —K})
PIN(O, ] = M}

= P{N(O, t] = k}*P{N(t, t] = M — k}
P{N(O, t] = M}
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An interesting result — nearly done

An interesting result — finally!

Saying it again more generally

e Fort <t, P{N(O, t] =k | N(O, ] = M}
= P{k packets in (0, t] | M packets in (0, t I}
=P{N(0, t] = k}+P{N(t, t] = M — k}
P{N(0, t] = M}
e N(O, t], N(t, t] and N(O, t] are Poisson RVs
with parameters nt, n{t—t), nt respectively
o P{k packets in (0, t] | M packets in (0, t ]} =
(mt)kexp(—nt )/Kle(m(t-t))M-Kexp(—n(t-t ))/(M—K)!
(m)Mexp(—nt)/M!
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o P{k packets in (0, t] | M packets in (0, t ]} =

(V) experD) kle((t-1)) M *exp(-nff-#) (MK
(#t)Mexpe=Ti)/M!

_ Mitket)MK v (1)K (MK

" kls(M—K)etM [ k]H [_t]

e This is a binomial (M, t/t) probability!

e Given M arrivals in interval of length T, the
number of packets in subinterval of length
t is a binomial RV with parameters (M, t/T)
no matter what the arrival rate!
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e In a Poisson process with arrival rate m
the number of arrivals in an interval Ais a
Poisson RV with parameter m(length of A)

e However, given that M arrivals occurred in
B, where A1 B, the conditional pmf of the
number of arrivals in A is a binomial pmf
with parameters (M, length(A)/length(B))
regardless of the value of m

...and now for something completely different

Definition of Gaussian RV

Some thoughts re Gaussian pdfs

e We turn our attention from Poisson
processes to the most famous of all
continuous random variables, the

Gaussian
or
normal
random variable
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e The continuous random variable X is
called a Gaussian or normal random
variable with mean mand variance s? if its
pdf is given by

-1 1(u=m?
of(u)—S@_p-exp[—E[?r-'j } ¥ <u<¥

e We often write X ~ N(m s2) or X ~ N(m s2)
or use the phrase “X is N(m s2)” to say
that X is Gaussian: mean m variance s2
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o X ~N(m s?) or X~ N(m s?)

e The mean and the variance specify the pdf
completely

e The pdf is symmetric about u = m and has
value 1/(s+(2p)*2) at u = 0

o |s the area under the curve = 1? Yes, read
the proof for yourself in Ross, Chapter 5
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Unit or standard Gaussian RV Gaussian pdfs look like this Why call it “Gaussian”?
o If X~ N(0, 1), itis called a unit or standard Gaussian pdfs e The Gaussian pdf is named after
Gaussian random variable. Its pdf is f (u) 0.6 ———

Karl Friedrich Gauss (1777-1855)
one of the greatest mathematicians of all
time

e Gauss used this pdf to study errors in
measurement, least-squares curve-fitting,

f(u)

o f(u) = (2p)Y2eexp(-u?/2), ¥ <u < ¥

e We use f (u) to denote the unit Gaussian
pdf and F (u) to denote the corresponding
unit Gaussian CDF

_N(©.1/cp))

/N(O,l)

2 - . .
o f(u) = ,L-exp[—l[ﬂj } ¥ <u<y¥ o T 5 i o i s 3 2 LMSE prediction, etc,: topics that are just
2|1 S . e ]
sp u as central to modern scientific analysis as
they were to 19th century mathematics

= s7Lef ((U—n)/s) “The familiar bell-shaped curve”
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e Henri Poincaré: Everybody believes in the
normal law: the physicists because they think it
is a mathematical theorem, and the
mathematicians because they think it is an
experimentally observed fact
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?ﬁ i Why call it “normal”?
e oo Z -
o E-g i e Many sets of data gathered from a variety
%‘ E | o, of physical phenomena seem to fit the
-.-"?E -'E;ﬁ_ Gaussian (or normal) distribution
E [} 1 T4 i '. ! e During the past 150 years, this empirical
p=) Yo E 1 e o observation has been studied extensively
L l. e .':: ja I .
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Why are most data sets “normal”?

Isn’t everything “normal” anyway?

Why not call it normal?

e The central limit theorem asserts that if
many “small” “random” causes produce a
net effect, then that effect can be modeled
as a normal random variable

o Noise voltages in electrical circuits have
normal distributions

e The noise voltage is the net result of the
electric fields created by gazillions of
electrons in random positions: each
charge has a small effect on the voltage
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e Lots of people seem to think that all data
sets must be “normally” distributed
and go through lots of contortions to make
the data conform

e Example: Raw SAT and GRE scores are
“curved” to get a N(500, 1002) distribution

e A nonlinear transformation is applied to

raw scores to ensure that the histogram of
the result looks like a N(500, 1002) pdf
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e Calling a Gaussian RV a normal RV is
pejorative in the sense that many people
take it to mean that all other RVs and pdfs
are, somehow, abnormal

e Lots of non-Gaussian distributions are
very interesting, and are very appropriate
models for some physical phenomena

o We shall use the name Gaussian
exclusively
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Unit Gaussian CDF F(x)

So, how do we find F(x)?

Rational approximation to F(x)

e The unit Gaussian CDF F (x) is the area

under the unit Gaussian pdf
f(u) = (2p)Y2eexp(-u?/2), ¥ <u< ¥

to the left of the point x

e F(x) cannot be expressed in terms of
simple functions (e.g. exp, In, sin) of x

e The antiderivative of exp(-u2/2) is NOT
(L/u)eexp(-u?/2) or (—1/u)eexp(-u?/2) or
(u¥/6)eexp(-u?/2) or ...
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e The values of F(x) have been calculated
via humerical integration, and are
available in tables (see, e.g. Ross, p. 208)

e F(X) is a built-in pre-programmed function
in many advanced scientific calculators

e Does your calculator know about F (x)?

e Do calculators use numerical integration?

e No, a rational function approximation to
F (x) is used to calculate its value
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e Forx3 0, F(x)
» 1 —f (X)o[byot+b,et?+hget3+b ot +Det5]
where t = [1 + 0.2316419+x]~1 and
mb; =0.319381530
mb, = —0.356563782
mb; =1.781477937
mb, =-1.821255978
mbg = 1.330274429
o Approximation error magnitude £ 7.5+10~8
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Properties of F (x)

Properties of F (x) (continued)

QX)=1-F(x)

e F(x) increases from 0 at —¥ to 1 at +¥

eF(0)=1/2

e F(x) is the area to the left of x under the
even (symmetric about 0) function f (u)

—X X

e 1-F(x) = orange area = F(-x) = blue area

2000 ilip. s, University of i Righis Reserved Sideatotar

.

o 1-F(x) = orang_g area =XF(—X) = blue area

e F(X)=1-F(x)

o F(x) is tabulated only forx 3 0

e F(3)=0.9987 o F(1.96) — F(-1.96) = 0.95

o Most of the probability mass lies in the
interval [-3, 3]
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e Q(x) =1 - F(x) = area to the right of x
under f (u) is the complementary unit
Gaussian CDF function

e In many applications, answers are given in
terms of Q(e) rather than F(¢)

e Example: The bit error probability for
coherent binary orthogonal frequency-
shift-keying data transmission is Q(GSNR)
where SNR is the signal-to-noise ratio
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More about Q(x) =1 - F (x)

What about non-unit Gaussians?

Gaussian CDFs in general

e Q(x) =1 - F(x) decreases from 1 at —¥ to
0 at +¥

e Q(0)=1/2
e Forx >0,
(= x7¥)ef (x) < Q(X) < x72F ()
e The upper and lower bounds on Q(x)
diverge to +¥ as x approaches 0
o Q(x) £ (1/2)*exp(—x2/2) for x 3 0 is not as
tight for large x but more useful for small x
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e If X is N(m s?), its pdf is given by

2

= s7Lef (U-M)/s)
where f (¢) is the unit Gaussian pdf
e Claim: F(u) = CDF of X = F((u-m)/s)
where F () is the unit Gaussian CDF

e Proof: Use chain rule to find derivative of
F ((u-m)/s). Answer: s~1ef (u—m)/s) = f(u)
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o CDF F(x) of a N(m s2) RV can be stated in
terms of the unit Gaussian CDF F(x)

o All probabilities can be expressed in terms
of F(x), and obtained from the tables

or by using calculators
e Older calculators compute F (x) given x

o Newer calculators compute F(x) given
m s, and x (or given m s 2, and x)

e Learn your calculator’s preference
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An example

Some numerology

The DeMoivre-LaPlace theorem

.

[Ex mH
o X ~ N(m s2) with CDF F(x)
PX>t}=1-F(@) =1-F(t-m/s)
P{X < -t} =F(-t) = F ((-t=m)/s) = 1-F ((t+n)/s)
P{IX-n > t} = P{X > mtt} + P{X < m-t}
=1-F(t/s) + F(-t/s)
=2¢[1 - F(t/s)]
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e X ~ N(m s2) with CDF F(x)

® 68.26% of the probability mass is in the
range (M-s, mts)

e 95% of the probability mass is in the range
(m-1.96s, m+1.96s)

® 95.44% of the probability mass is in the
range (M-2s, m+2s)

® 99.74% of the probability mass is in the
range (m-3s, m+3s)
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e Let X denote a hinomial random variable
with parameters (n, p)

eE[X]=np=m evar(X)=np(l-p) = s2

e For large values of n,

o P{a < X < b} » F((b-m)/s) — F ((a-n)/s)

o Approximation is good if mi (a ,b) but can
be bad otherwise

o For example, approximation assigns
nonzero probability to {X < 0} and {X > n}
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DeMoivre-LaPlace theorem

Summary

e The DeMoivre-LaPlace theorem is a
special case of the central limit theorem

e The theorem can be used to reduce the
lengths of confidence intervals for a given
confidence level

e Actually, very many fewer people need to
be polled than we previously obtained via
the Chebyshev inequality
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o We took a brief second look at Poisson
processes and discovered an interesting
result about a conditional pmf

e We discussed Gaussian (a.k.a. normal)
random variables

o All Gaussian CDFS can be expressed in
terms of the unit Gaussian CDF

e Values of Gaussian CDFs must be
computed; the values cannot be obtained
analytically in terms of simpler functions
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