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l X and Y are jointly continuous, and Z is
continuous?  Find the pdf of Z = g(X, Y) as
follows:
nFigure out where joint pdf is nonzero
nSketch the curve g(u, v) = α in u-v plane
nFind FZ(α) = P{Z ≤ α} = P{g(X, Y) ≤ α}

= P{(X, Y) ∈ region g(u, v) ≤ α in plane}
nRepeat for other values of α
nDifferentiate FZ(α) = P{Z ≤ α} with

respect to α to find fZ(α)

Function of jointly continuous RVs
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Example C: Z = X – Y

l The joint pdf of X and Y is given by
fX,Y(u,v) = exp(–u) for 0 ≤ v ≤ u < ∞
and fX,Y(u,v) = 0 otherwise

l Find the pdf of Z = X – Y
l X is Γ(2,1) RV; Y is Γ(1,1) = exponential
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Example C: P{Z ≤ α} = P{X – Y ≤ α}

l P{X – Y ≤ α} = volume under pdf surface
in green shaded region

= integral of fX,Y(u,v) over
green shaded region

= 0 if α < 0
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Example C: Finding P{X – Y ≤ α}

l For any fixed value of v, 0 ≤ v < ∞ ,
u varies from v to α+v

l P{X – Y ≤ α} =   ∫    ∫ exp(–u) du dv
v=0

∞

u=v

α+v

= 1 – exp(–α)
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l CDF of Z = X – Y is 1 – exp(–α), α > 0
l fZ(α)= exp(–α), α > 0

l Z is an exponential RV with parameter 1
l Z is a gamma random variable with

parameters (1,1), that is, Z is a Γ(1,1) RV
l Remember that Y is a Γ(1,1) RV
l If Y and Z were independent Γ(1,1) RVs,

then their sum Y + Z would be a Γ(2,1) RV
l But, Y + Z = X is a Γ(2,1) RV
l So, are Y and Z independent Γ(1,1) RVs?

Example C: pdf of Z = X – Y
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Example C: Y & Z are independent

P{Y ≤ β, Z ≤ α} =   ∫    ∫ exp(–u) du dv
v=0

β

u=v

α+v

= [1 – exp(–β)]•[1 – exp(–α)]

= P{Y ≤ β}•P{Z ≤ α} since Y, Z are Γ(1,1) RV

Hence, Y and Z are independent Γ(1,1) RVs
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The function Z = XY

l Let Z = XY
l P{Z ≤ α} = P{XY ≤ α} is the volume under

the joint pdf in the shaded region below

l If α > 0, usually easier to find P{Z > α}
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Example D: P{Z > α} = P{XY > α}

= 1–α + α ln α, 0 < α < 1

l fZ(α) = – ln α, 0 < α < 1

l (X, Y) uniformly distributed on triangle
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l P{XY > α} =  ∫    ∫ 2 du dv = ∫2v–α/v dv
v=√α
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The function Z = Y/X

l Let Z = Y/X
l P{Z ≤ α} = P{Y/X ≤ α} = P{Y ≤ αX} is the

volume under the joint pdf in the shaded
region below
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Example E:  P{Z ≤ α} = P{Y/X ≤ α}

l (X,Y) is uniformly distributed over the
“inverted L” shaped (shaded) region

l If 0 ≤ α ≤ 1

P{Y/X ≤ α} = α/2

l fZ(α) = 1/2
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l If 1 ≤ α < ∞,

P{Y/X ≤ α} = 1 – 1/2α
l fZ(α) = 1/2α2
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Circularly symmetric joint pdfs

l X and Y are said to have a joint pdf that is
circularly symmetric about the origin  if the
value of fX,Y(u,v) depends only on

 ρ = (u2 +v2)1/2

and not on the individual values of u and v
l We write fX,Y(u,v) = g((u2 +v2)1/2) = g(ρ)

l Z = Y/X has Cauchy pdf for all joint pdfs
that are circularly symmetric about the
origin
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l If α > 0, P{Y/X ≤ α}

= [π+2•arctan(α)]/2π
l fZ(α) = 1/[π(1+α2)]

Example F:  Why a Cauchy pdf?

l A pizza slice subtending angle θ radians at
the center will give you θ/2π of the pizza

l If α < 0, P{Y/X ≤ α}

= [π–2•arctan(–α)]/2π
l fZ(α) = 1/[π(1+α2)]
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Example G: What’s your angle?

l X and Y have a circularly symmetric pdf,
and hence, Z = Y/X has a Cauchy pdf

l θ = arctan(Z) = angle that the line through
(X, Y) and (0, 0) makes with the u axis

l For all W, FW(W) is a uniform RV on (0, 1)
l Since FZ(α) = (1/2) + (1/π)•arctan(α),

(1/2)+(1/π)•arctan(Z) is uniform on (0, 1)

l θ = arctan(Z) is uniform RV on (–π/2, π/2)

l Intuitively obvious from symmetry
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The function R = (X2 + Y2)1/2

l Let R = (X2 + Y2)1/2 be the distance of the
random point (X, Y)from the origin

l P{R ≤ α} = P{(X2 + Y2)1/2 ≤ α}
= P{(X2 + Y2) ≤ α2}

is the volume under the joint pdf in a disk
of radius α centered at the origin

l disk = interior of circle

l A switch from rectangular coordinates (u,v)
to polar coordinates (ρ, θ) usually helps…
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Finding P{(X2 + Y2)1/2 ≤ α}

l P{(X2 + Y2)1/2 ≤ α} =   ∫  ∫ fX,Y(u,v) du dv
circle of
radius α

v

u

radius α

 =   ∫   ∫  fX,Y(ρ cos θ, ρ sin θ) ρ•dθ dρ
ρ=0

α

θ=0

2π
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Example H: Minding the details

l fX,Y(u,v) = 2u for 0 ≤ u ≤ 1, 0 ≤ v ≤ 1

l Two cases need to be considered

For 0 ≤ α ≤ 1,

P{R ≤ α} = ∫   ∫  2•ρ cos θ ρ•dθ dρ = 2α3/3
ρ=0

α

θ=0

π/2

l 0 ≤ (X2 + Y2)1/2 ≤ 1 l 1 ≤ (X2 + Y2)1/2 ≤ √2
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Example H: Integration by parts?
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= α2 –    –     µ31
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Example H: Putting it all together

l P{R ≤ α} = P{(X2 + Y2)1/2 ≤ α}

= 2α3/3 for 0 ≤ α ≤ 1

l P{R ≤ α} = P{(X2 + Y2)1/2 ≤ α}

= α2 – 1/3 – (2/3)(α2 – 1)3/2 for 1 ≤ α ≤ √2

l fR(α) = 2α2  for 0 ≤ α ≤ 1

l fR(α) = 2α•(1 – (α2 – 1)1/2) for 1 ≤ α ≤ √2

l fR(α) = 0  otherwise
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Finding P{(X2 + Y2)1/2 ≤ α}

l P{(X2 + Y2)1/2 ≤ α} =   ∫  ∫ fX,Y(u,v) du dv
circle of
radius α

v

u
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 =   ∫   ∫  fX,Y(ρ cos θ, ρ sin θ) ρ•dθ dρ
ρ=0

α

θ=0
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Example I: pdf = an inverted cone

l fX,Y(u,v) = (3/2π)•(u2+v2)1/2, (u2+v2)1/2 < 1

l For 0 ≤ α ≤ 1, P{(X2 + Y2)1/2 ≤ α}

 =   ∫   ∫  fX,Y(ρ cos θ, ρ sin θ) ρ•dθ dρ
ρ=0

α

θ=0

2π

= α3 giving fR(α) = 3α2  for 0 ≤ α ≤ 1 
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General result for pdf of (X2 + Y2)1/2

 =   ∫   ∫  fX,Y(ρ cos θ, ρ sin θ) ρ•dθ dρ
ρ=0

α

θ=0

2π

l When the joint pdf of (X, Y) has circular
symmetry about the origin,

 FR(α) = P{R ≤ α} = P{(X2 + Y2)1/2 ≤ α}

l fR(α) = 2π•α•g(α), for α ≥ 0

 =   ∫   ∫  g(ρ) ρ•dθ dρ = 2π  ∫  ρ•g(ρ) dρ
ρ=0

α

θ=0

2π

ρ=0

α
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Example J: Gauss and Rayleigh

l X and Y are independent zero-mean
Gaussian RVs with the same variance σ2

l fX,Y(u,v) = (1/2πσ2)•exp[–(u2 + v2)/2σ2]

l g(ρ) = (1/2πσ2)•exp[–ρ2/2σ2]

l fR(α) = (α/σ2)•exp[–α2/2σ2], for α ≥ 0

l R is a Rayleigh random variable

l Reminder: Hazard rate of Rayleigh RV
increases linearly with age
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Maxima and minima of RVs

l Let Z = max{X, Y} be the larger of the
values taken on by X and Y on the trial of
the experiment

l Let W = min{X, Y} be the smaller of the
values taken on by X and Y on the trial of
the experiment

l Given the joint CDF of X and Y, what are
the CDFs of Z and W?

l pdfs or pmfs?
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The function Z = max{X, Y}

l Z = max{X, Y} ≤ β if and only if both X and
Y are smaller than β

l P{Z ≤ β} = P{X ≤ β, Y ≤ β}

l Remember: commas mean intersections

l FZ(β) = FX,Y(β, β)

l X, Y independent ⇒ FZ(β) = FX(β)FY(β)

l If X, Y are also jointly continuous, then

 fZ(β) = fX(β)FY(β) + FX(β)fY(β)
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Example K: max of exponential RVs

l X and Y are independent exponential
random variables with parameter λ

l fmax{X,Y}(β) = fX(β)FY(β) + FX(β)fY(β)

= 2•λ•exp(–λβ)•[1 – exp(–λβ)]

= 2•λ•exp(–λβ) – (2λ)•exp(–(2λ)β), β > 0

l max{X, Y} is not a gamma RV

l λ•exp(–λβ) is an exponential pdf

l (2λ)•exp(–(2λ)β) is also exponential pdf
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Maximum of n random variables

l Z = max{X1, X2, … Xn} ≤ β ⇒ all Xi ≤ β
l P{Z ≤ β} = P{X1 ≤ β, X2 ≤ β, …, Xn ≤ β}

l FZ(β) = FX1, X2, … , Xn
(β, β, … , β)

l Xi’s independent ⇒ FZ(β) =      FXi
(β)∏

n

i=1

l If the Xi’s are also jointly continuous, then

fZ(β) =       FXi
(β)       fXj

(β)/FXj
(β)∏

n

i=1

n

j=1
∑
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More on the maximum of n RVs

l Special case: the Xi’s are independent
jointly continuous random variables all with
the same marginal CDF F(u) and pdf f(u)

l Fmax{X1, X2, … , Xn}(β) = [F(β)]n

l fmax{X1, X2, … , Xn}(β) = n•[F(β)]n–1•f(β)

l Example:  If the Xi’s are uniformly
distributed on [0, 1], F(u) = u for 0 ≤ u ≤ 1

l fmax{X1, X2, … , Xn}(β) = n•βn–1 for 0 ≤ β ≤ 1
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The function W = min{X, Y}

l W = min{X, Y} > α ⇒ X > α and also Y > α
l P{W > α} = P{X > α, Y > α}

l But, P(Ac∩Bc) = P((A∪B)c) = 1 – P(A∪B)

l 1 – FW(α) = 1 – [FX(α) + FY(α) – FX,Y(α,α)]

l If X, Y are independent random variables,
then [1 – FW(α)] = [1 – FX(α)]•[1 – FY(α)]

l If X, Y are also jointly continuous, then

 fW(α) = fX(α)•[1 – FY(α)] +fY(α)•[1 – FX(α)]
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Example L: min of exponential RVs

l X and Y are independent exponential
random variables with parameters λX, λY

l fmin{X,Y}(α) = fX(α)[1–FY(α)] +[1–FX(α)]fY(α)

= λX•exp(–λXα)•exp(–λYα)
 + λY•exp(–λYα)•exp(–λXα)

= (λX + λY)•exp(–(λX + λY)•α), α > 0

l In contrast to max{X, Y}, min{X, Y} is an
exponential RV with parameter λX + λY
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Minimum of n random variables

l W = min{X1, X2, … Xn} > α ⇒ all Xi > α
l P{W > α} = P{X1 > α, X2 > α, …, Xn > α}

l If Xi’s are independent random variables

then  [1 – FW(α)] =      [1 – FXi
(α)]∏

n

i=1

l If the Xi’s are also jointly continuous, then

fW(α) =      [1 – FXi
(α)]      fXj

(α)/[1 – FXj
(α)]∏

n

i=1

n

j=1
∑
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min of many exponential RVs

l Xi’s are independent exponential random
variables with parameters λ1, λ2, … , λn

1 – FXi
(α) = exp(–λiα)

1 – Fmin{X1, X2, … , Xn}(α) = ∏ [1 – FXi
(α)]

= exp [–(∑λi)α]
l Hence, min{X1, X2, … Xn} is an

exponential RV with parameter ∑ λi
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More on the minimum of n RVs

l Special case: the Xi’s are independent
jointly continuous random variables all with
the same marginal CDF F(u) and pdf f(u)

l 1 – Fmin{X1, X2, … , Xn}(α) = [1 – F(α)]n

l fmin{X1, X2, … , Xn}(α) = n•[1 – F(α)]n–1•f(α)

l Example:  If the Xi’s are uniformly
distributed on [0, 1], F(u) = u for u ∈ [0, 1]

l fmin{X1, X2, … , Xn}(α) = n•(1–α)n–1, α ∈ [0, 1]
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System lifetimes and hazard rates

l The positive RVs X1, X2, … Xn represent
the lifetimes of n components of a system

l Suppose that the system fails as soon as
one component fails

l Lifetime of system: W = min{X1, X2, … Xn}

l Suppose that failures are independent

l Then, [1 – FW(α)] =      [1 – FXi
(α)]∏

n

i=1
l What is the hazard rate of W?
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CDF in terms of hazard rate

l But,   [1 – FW(α)] =      [1 – FXi
(α)]∏

n

i=1

l 1 – FW(α) =  exp  –   ∫ hW(t) dt
t=0

α

l 1 – FXi
(α) =  exp  –   ∫ hXi

(t) dt
t=0

α

l 1 – FW(α) =  exp  –   ∫   ∑ hXi
(t) dt

t=0

α

i=0

n
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Hazard rate of the minimum

l W = min{X1, X2, … Xn} where the Xi’s are
independent positive random variables

l hW(t) = ∑ hXi
(t)

l Hazard rate of the system is the sum of
the hazard rates of the components

l Hazard rate of the system exceeds the
largest of hazard rates of the components

i=0

n
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Hazard rate, schmazard rate…

l Hazard rate large ⇒ average lifetime small

l Expected lifetime of system is smaller than
expected lifetime of the worst component

l Special case: X1, X2, … Xn ~ exponential
RVs with parameters λi and E[Xi] = (λi)

–1

l W ~ exponential RV with parameter ∑ λi

l E[W] = (∑ λi)
–1 << (max λi)

–1 = min E[Xi]

l λi = λ for all i ⇒ E[W] = 1/nλ  = E[X]/n
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Summary  — I

l We found the pdf of functions of RVs

nDifference X – Y

nProduct XY

nRatio Y/X

nAngle arctan(Y/X)

nRadius vector R = (X2 + Y2)1/2

nMax{X, Y} and Min{X,Y}

nMax{X1, X2,…,Xn} and Min{X1, X2,…Xn}
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Summary  — II

l In all cases, we found the CDF of the
function of RVs and deduced the pdf

l For all joint pdfs with circularly symmetry
about the origin,Y/X has Cauchy pdf and
arctan(Y/X) is uniformly distributed on
(–π/2, π/2)

l If  the joint pdf is circularly symmetric
about the origin, then (X2 + Y2)1/2 has pdf

2π•α•fX,Y(α cos θ, α sin θ) = 2π•α•g(α)
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Summary  — III

l The complementary CDF 1 – FW(α) of the
minimum of independent random variables
is the product of the complementary CDFs
of the random variables

l The minimum of independent exponential
RVs with parameters λ1, λ2, … , λn is an
exponential RV with parameter ∑ λi

l Hazard rate of minimum of independent
RVs is the sum of the hazard rates
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