ECE 313 — Probability with Engineering Applications

Fall 2000

Expectation from joint pdfs/pmfs

Doing everything in one step

It works the same way for Y too!

e The expected values of X and Y are
N \¥
E[X] = Quefy(u) du; E[Y] = Qvsfy(v) dv
—¥ —¥

for continuous random variables and by
EIX] = & uppy(u); EIY] = & vispy(v;) for
discrete random variables

e Given the joint pdf or pmf of X and Y, we
can first compute the (marginal) pdf or pmf
of X or Y and substitute in the above

¥ ~¥ ¥ ¥
e E[X] = (Qu-fx(u) du; E[Y]= (?év-fy(v) dv o E[X] = Qé O uefy y(u,v) du dv
- = ¥ ¥
\ ¥ N -
o () = Ofy y(uv) dv; f(v) = Ofy y(uv) du o similarly, -y
v=—y¥ u=—¥ E[Y] = O¥v- O¥XVY(U,V) du dv
R

¥ a¥
e EX]= Que O¥X,Y(u,v) dv du

\ ¥

= 0O O usfyy(u,v) dvdu
X '

= 0O O usfy(u,v) du dv
—¥ ¥ '
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= O O vefy y(u,v) dudv

O O vefy y(u,v) dv du
X x ”

e For discrete RVs, integrals become sums
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Generalization to n variables

LOTUS works in the same way...

Generalization of LOTUS

e Given the joint pdf fy(u) or pmf py(u) of
n random variables Xy, X5, ... X,
E[X] is given by the n-dimensional integral
of u;efy(u) over the entire space
or the n-fold sum of u;*py(u)

e Expectation of a vector

o If X = (X, X5, ... X,), then
ELX] = (E[X,], EIX,), ... E[X,)

e The expectation of a random vector is the
vector of the expectations
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o Joint pdf fy(u) or pmf py(u) of n random
variables Xy, Xy, ... X,

e E[g(X))] is given by the (n-dimensional)
integral of g(u;)*fx(u) over the entire space
or the n-fold sum of g(u;)spx(u)

e This is just LOTUS with the calculation of
the marginal pdf of X; being merged with
the calculation of E[g(X;)] into one giant
step for mankind
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o Joint pdf fy(u) or pmf py(u)

o g(X) = g(Xy, Xp,..., X,) is a function of the
n random variables

e Generalized LOTUS or gLOTUS

* E[g(X)] = E[9(Xy, X,--., Xy)] can be
computed as the n-dimensional integral of
g(u)efy(u) or the n-fold sum of g(u)epy(u)

e gLOTUS is just like LOTUS: Multiply the
function by the pdf (or pmf) and integrate
(or sum) over all the variables
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Expectation of a sum

Saying it in words ...

Does it work for all functions? No!

o Ifg(X) = Xy + X5 + ... + X, then
ElgC01 = E[Xy + Xp + ... + Xy

(‘)(\) (\]u1+u2+...+un)-f§(9)
bé (\)Jl'fg@) +u2-f¥(g) +.. -+Un'f5(!)
bé dl.fz(gﬁ o G@ dnﬂ}@)

= EDX] + E[Xp] + ..+ E[X]
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o E[X +Xot...+X,] = E[XJ+E[X,]+. . . +E[X]

e Expectation of sum = sum of expectations

e This applies to all random variables

e RVs need not be independent or Gaussian
or all discrete or all continuous or ...

o More generally, E[é. aioxi] = 5.aioE[Xi]
edaeX,=Xal = [Xy,.... X ][aj,....a,]"
° E[X-a'] = E[X]-a’ = m-a’

e Expectation is a linear operator
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o E[X +Xo+...+X] = E[X{J+E[X5]+...+ E[X,]

e Don't extend this to other functions, e.g.,
E[X; Xp... Xp] ¥ EDXJEX]. . E[X,]

e But, if the X,'s are independent RVs, then

E[X Xy...X,] = 00.. (\JJlu2---un'f5(9)

O () o (up) . Qufy (U
E[X,] E[XJ] ... EIX]

Independence makes life so easy...

Proof by contradiction

Covariance of Xand Y

o E[X;X,...X] = E[X]E[X,]...E[X,] if the
Xy's are independent RVs

o More generally, if the X;'s are independent
RVs, then
E[9:(X1)92(X5)... 9n(Xp)]

= E[g:(XDIE[92(XR)] - E[gh(Xp)]

e More strongly, g;(Xy), 92(X2), ... , Gn(Xp)
also are independent random variables

e Why is it so? Why are the g;(X;)
independent random variables?
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e Prove: If X and Y are independent, then so
are g(X) and h(Y)

e Independence of X and Y: knowing the
value taken on by X tells us nothing new
(nothing that we did not already know)
about the value taken on by Y

e If knowing the value taken on by g(X) told
us something about the value taken on by
h(Y), then knowledge of X could allow us
to infer something about Y! Contradiction!
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e For independent RVs X and Y,
E[XY] = E[X]E[Y]
e But, in general, E[XY]* E[X]E[Y]
e The difference E[XY] — E[X]E[Y] is called
the covariance of X and Y
e cov(X, Y) = E[XY] - E[X]E[Y]

o The following is a more common definition:

cov(X, Y) = E[(X — E[X])(Y - E[Y]]]
o Exercise: use linearity of the expectation
operator to show equality of the formulas
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Some thoughts about covariance

The correlation coefficient

What does covariance measure?

e Covariance is a pair-wise property: we do
not talk of covariance of 3 (or more) RVs
e cov(X, Y) = E[XY] — E[X]E[Y] = cov(Y, X)
e Covariance generalizes the notion of the
variance of a random variable: covariance
of X with itself is the variance of X
e cov(X, X)= E[(X — E[X])(X — E[X])]
= E[(X — E[X))?] = (sx)?= var(X)
e Independent random variables have zero
covariance
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o var(X) = (sy)? var(Y) = (sy)? are finite
—Sy*Sy £ cov(X, Y) £ +Syesy

e Probabilistic version of Schwarz Inequality

e Ratio cov(X, Y)/(sxesy) is the correlation
coefficient of X and Y, and is denoted by
I'xy Or simply r if no confusion can arise

o Ifryy =11, XandY are called perfectly
(positively or negatively) correlated RVs

e lfryy=0,XandY are called uncorrelated
random variables
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o Assume E[X] = E[Y] = 0 for simplicity so
that cov(X, Y) = E[XY]

\¥ \¥
e EXY]= O O usvefy y(u,v) dvdu
¥ ¥ '
\%

(-uv) (UV) " The corners contributes
u uvelfy y(uv) + fy y(-u,—v)

= fx y(U=v) = fy y(=u,V)]*
(U=V)  dvedu to the integral

e E[XY] = Integral over first quadrant only

(-u.-v)
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Where is the mass spread?

Positive or negative slope?

The variance of X =Y

e cov(X, Y) = E[XY] is the integral of

uvelfy v(u,v)+y v (=u,—v)=fy ¢ (U,~V)~fy y(=u,V)]
over the first quadrant

e We are taking the difference between the
masses in 1st plus 3rd quadrant and the
2nd plus 4th quadrants (with weighting
factor uv)

e Roughly speaking, cov(X, Y) > 0 means
more mass in 1st plus 3rd quadrants than
in 2nd plus 4th quadrants
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e If cov(X, Y) > 0, the probability masses lie
along a line of positive slope

e If cov(X, Y) < Qrthe probability masses lie
along a ling-6f negative slope
COV(X‘Y)/(%@V .
cov(X,Y) <0
e Line p%ugh (E[X], E[Y]) in general
case
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o E[X]=m; E[Y]=m,; E[X£Y] =m+my
evar(X £Y) = E[(X£Y —{m x m})?
= E[({(X-mg £ {Y -m})?]
= E[(X=m)? + (Y -m)? £ 2(X— m)(Y -m)]
= var(X) + var(Y) = 2ecov(X,Y)
= (52 + (5y)? £ 2eresyesy
e More generally, var(aX + bY)
= a2e(s,)? + b2e(s,)2 + 2eashecov(X,Y)
= a2%+(5y)? + b2s(S )2 £ 2easher es oSy
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The Cauchy-Schwarz Inequality

Special values of r

Independent vs uncorrelated — |

e The variance of a random variable cannot
be negative

e var(aX £ bY)
= a2+(5y)? + b2s(sy)? £ 2+asher esyesy

e Now, choose a=1/syand b =1/s,

evar(X/sy£Y/sy)=1+1+2¢r 30

e2(1+r)30b 1+r30and1-r30

e Conclusion: -1 £r £1

o If r = 1, all the probability mass lies on a
straight line in the plane and Y = a+bX
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e Ifr = 1, all the probability mass lies on a
straight line in the plane and Y = a+bX

e lfr =0, Xand Y are said to be
uncorrelated random variables

e Independent random variables have zero
covariance and hence are uncorrelated

e But, uncorrelated random variables are not
necessarily independent

e Independence is a very strong property
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o If X and Y are independent RVs, then they
are also uncorrelated random variables

e Independence is a very strong property:
the joint pdf/pmf factors into the product of
the marginal pdfs/pmfs at every point in
the plane

e r = 0 merely means that an expectation
integral or sum is 0

e Average = 0 can hold even if the random
variables are dependent
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Independent vs uncorrelated — I

Independent vs uncorrelated — Il

Covariance is a bilinear function

e Let (X,Y) be uniformly distributed on the
unit disc v

radius 1

u

e -1 £ X,Y £ +1, but knowing the value of X
restricts Y to be in a smaller range

e X and Y are not independent RVs

e But, E[X] = E[Y] = E[XY] = 0 and hence X
and Y are uncorrelated RVs

zzzzzzzzzzzzz £ 2000 Dillp V. Sarvate University of Al Rights Reserved Side 220135

Department of Electrical and Computer Engineering
University of Illinois at Urbana-Champaign

e Suppose X and Y are uncorrelated

e Then, var(X = Y) = var(X) + var(Y)

o Note that variances always add even if the
random variables are being subtracted

e This holds for independent RVs too

e The mean of a sum is the sum of the
means holds for all random variables

e The variance of a sum is the sum of the
variances holds for uncorrelated RVs (and
for the subclass of independent RVs too)
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o Bilinear means linear in both arguments
o cov(aX+bY, Z) = ascov(X,Z) + becov(Y,Z2)
e cov(X, aY+bZ) = ascov(X,Y) + becov(X,2)
e cov(aX + by, cX + dY)

= acecov(X, X) + bdecov(Y, Y)

+ adecov(X, Y) + bcecov(Y, X)

= acevar(X)+bdevar(Y)+(ad+bc)ecov(X, Y)

= ace(sy)? + bds(sy)? + (ad+bc)ecov(X, Y)
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Even more generally...

n random variables

The covariance matrix — |

e cov(aX+bY+e, cZ+dW+f)
= acecov(X, Z) + bdecov(Y, W)
+ adecov(X, W) + bcecov(Y, 2)

o Note that cov(X, a) = 0 for any random
variable X and any constant a

e a does not vary and hence cannot co-vary
with X

e We now consider the case of n random
variables

e Given n random variables X, X,, ... X
and X = [Xq, Xo, ... Xp],
E[X] = [E[X], E[X], ... E[Xp]]=my

e The expectation of a random vector is the
vector of the expectations

o Expectation of a matrix with RVs as
entries = matrix of expectations

e daeX,=Xal = [Xy,.... X ][aj,....a]"

* E[X-a"] = E[X]-a = my-a’

n
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e There are n? pairs of random variables X;
and X; giving n? covariance functions

o n of these are cov(X;, X;) = var(X)

e The covariance matrix R is a symmetric
n" n matrix with i-j entry rij = cov(X;, X;)

e The variances of the X;'s appear along the
diagonal of the matrix

e Uncorrelated RVs b R is diagonal matrix

The covariance matrix — Il

The covariance matrix — lll

The variance of a sum

o X =[Xq, Xy, ... X,] and mare 1" n matrices
or row vectors

e (X-m)Tis an” 1 matrix or column vector

o (X-m)T+(X —m) is an’n matrix whose
- entry is (Xi—m)(X—m)

o E[matrix] = matrix of expectations

o R=E[(X - m) (X — m)] is an n" n matrix
with i< entry r;; = cov(X;, X))
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o R=E[(X—mT+(X —m]is an n” n matrix
with i-j'" entry r;; = cov(X;, X))

e R is a symmetric positive semidefinite
(also known as symmetric nonnegative
definite) matrix

e R is used to find variance and covariances
of linear combinations of the X;

o Example:What is var (2 aeX;) = var(Xsa")?
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« E[8arx] =E[x-a"] = E[X]a" = m+a”

o var(@aex,) = E[{& (arx—arm)}?]

= E[& @)20¢-m)? + & Aaay(X-m)=(X-m)]

= &(a)2var(X;) + 5éai-aj-cov(xi, X))
where the second sumis overall i j

e In terms of the covariance matrix R,
var(a=X) = a*R-a’
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Doing it entirely with matrices

Quadratic forms

Covariance of linear combinations

e Xea' is a random variable with mean mysa’
o var(X-a')

= E[(X-a" - mea)?] = E[{(X-m)-a'}’]

= E[{(X - m-a}{(X — mx)-a™}]
= E[@N)T(X - m)T+(X — my)+a]
= asE[(X—m)T+(X - m)J-a’
= Q’R'QT

o var(Xsa') = a*R+a’
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o var(Xsa') = a*R-a’

e a*Rea’ is called a quadratic form in the n
variables a,,...,a, because the squares
(but no higher powers) of the a; occur in
the expansion of asRea’

e var(Xea') 2 0 for all choices of a,,...,a,
such that at least one a; is nonzero

e Hence the name nonnegative definite

o More generally, cov(XeaT, XsbT) = asReb"
= beR-a’ follows from the bilinearity of the
covriance function

o lLetY =[Yy, Yy, ... Y] be obtained by a
linear transformation from X

o Y = X*G where G is a n” m matrix

o E[Y] = E[X*G] = E[X]*G = m}*G = m, since
expectation is a linear operation
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Covariance of linear combinations

Summary — |

Summary — I

e Y = X*G where G is an” m matrix
oY —m = XG - meG = (X —m)-G
e Y has am’”m covariance matrix S
o S=E[(Y - m) (Y — m,)] by definition
= E[{(X — m)*G}T+(X — m)+G]
= E[GT+(X — m)T+(X — m)+G]
= GTE[(X - m)T*(X - m)]G
= GTeR:G

zzzzzzzzzzzzz £ 2000 Dillp V. Sarvate University of Al Rights Reserved Slde 3401 35

Department of Electrical and Computer Engineering
University of Illinois at Urbana-Champaign

e The mean of a sum of RVs is the sum of
the means of the RVs

e var(XzY) = var(X) + var(Y) £ 2ecov(X,Y)

e Variance of a sum of uncorrelated RVs is
the sum of the variances of the RVs

e Independent RVs are uncorrelated but
uncorrelated RVs are not necessarily
independent
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o |cov(X, Y)| £ sysy
or =cov(X, Y)(sxesy); Ir|£1
e If r =1, RVs are perfectly correlated and

probability mass lies on a straight line (of
positive or negative slope) through (my, m,)

o Matrix methods are very helpful in dealing
with multiple random variables
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