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Independent unit Gaussian RVs

Independent Gaussian RVs

pdf of independent Gaussian RVs

e Let W and Z denote independent unit
Gaussian random variables

o fy(a)= (1/12p)Y2sexp(-a?/2) = f (a)
o f,(b) = (1/2p)Y2sexp(-b?/2) = f (b)
where f (¢) is the unit Gaussian pdf
o fiy 7(2, b) = fyy(a)-T,(b) = f (a)+f (b)
= (1/2p)eexp[-(a? + b?)/2]
e This is a circularly symmetric pdf
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e W and Z independent N(0, 1) RVs

o Let X =sy W+ my Y =syZ+m

e X and Y are N(m, (sy)?) and N(m, (sy)?)
random variables respectively because
linear functions of Gaussian RVs are
Gaussian RVs

e X and Y are independent RVs because
they are functions of independent RVs

o fx(U) = (Us )+ (U-my)/sx)

o fy(v) = (Usy)f (v-my)isy)

o fx (V) = fy(u)fy(v)
= (Usy)ef (U—m)/sx)= (s y)of (v—my)/sy)
= Coexp{—([(u-m)/sx ]2 + [(v-m,)/s y]12)/2}
where C = 1/(2psysy)

e This is a not a circularly symmetric pdf

e The curve fy ((u,v) = ciis an ellipse
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The contours are ellipses

2 pictures = 2000 words: Part |

Jointly Gaussian random variables

e X and Y are independent N(m, (sy)?) and
N(my, (sy)?) RVs

o fy v(U,V) = fy(u)fy(v)
= Ceexp{~([(u-my/s,J + [(v-m)/s1%)/2}
where C = (1/2psysy)

e The curve fy y(u,v) = c defines an ellipse
that is centered at (m,, m,) and whose
axes are parallel to the coordinate axes
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e X, Y independent zero-mean Gaussians
with variances (sx)? and (sy)?

&
U~ Vg
(sx)?> (sv)?
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(sx)?<(sy)?

e The random variables in the previous few
slides are simple examples of what are
called jointly Gaussian random variables

e The RVs are independent and their
marginal pdfs are Gaussian pdfs

e Generally, if W and Z are independent
N(O, 1) RVs, then X = aW + bZ + m, and
Y =cW + dZ + m, are called jointly
Gaussian random variables
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Linear transformations

Means and variances

Covariance and correlation

o If W and Z are independent N(0, 1) RVs,
then X =aW +bZ +m, Y =cW +dZ +m,
are called jointly Gaussian RVs

e We previously considered the case a = sy,
b=0,c=0,d=sy, in which special case
X and Y are independent

e In general,
X=aW+bZ+meand Y =cW +dZ +m,
are dependent Gaussian random variables
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e W and Z are independent N(0, 1) RVs
e E[X]=E[aW + bZ + m] = m
o E[Y]=E[cW +dZ+ m]=m,
e Since cov(W, Z) =0 (why?)
var(X) = var(aW + bZ + my)
= var(@aW + bZ) = a2evar(W) + b2svar(2)
—a2+p2

o Similarly, var(Y) = ¢2 + d?
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e W and Z are independent N(0, 1) RVs

e cov(X,Y)
=cov(@W +bZ +m, cW +dZ +m,)
= acevar(W)+bdevar(2)+(ad+bc)ecov(W,Z)
=ac + bd

° Iy = (ac+bd)/[(a? + b?)(c? + d?)]2

e I x vis the dot-product of the vectors [a,b]
and [c,d] divided by their norms (lengths)
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Once upon a matrix

Joint pdf of Xand Y — Approach

Joint pdf of Xand Y — u, v only

e The covariance matrix of (W, Z) is the 2" 2
identity matrix |
o (X,Y)=(W, 2)G + (m, my) where G is the
2" 2 matrix shown below
a ¢
e G=
oy
e Covariance matrix of (X, Y) is GTIG = GTG

v oG- a2+b?2 ac+hbd
ac+bd c2+d?
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e Example T of Lecture 37: if Y = XG where

G is an n” n nonsingular matrix, then
fy(v) = fy (vG2)/|det(G)]
o (X-ny, Y-m) = (W, )G

e If G is nonsingular, then the joint pdf of
(X-m,, Y-m,) can be obtained

(ac a1 d —c
.G{b oJ ¢ ad—bCL—b aJ
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_(ac 1 1 d —c
°C _[b oJ ™= aabe [—b a]
o fy v (UY) = iy (V]G Y[ det(G)]

where det(G) = ad — bc

e Thus, we have expressed everything in
terms of u and v

e But, plugging and chugging gives a messy
formula that doesn’t show the important
stuff clearly
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Joint pdf of X and Y — Re-write! Joint pdf of X and Y — More algebra Joint pdf of X and Y — Nearly done
e var(X) = a2 + b? var(Y) = c2 + d?2 e a2 + b? = [(du-bv)? + (-cu+av)?)/[det(G)]? e a2 + b? = [(du-bv)2 + (—cu+av)?]/[det(G)]2
ecov((X,Y)=ac+bd det(G)=ad-bc e The numerator of this expression is = [(ulsy)? — 2r s(Uls Y)*(VISy) + (VIS y)?]/(1-T ?)
o (ad — bc)? = (a2 + b?)(c2 + d?) — (ac + bd)?2 Ezﬂéar(Y) + v2°\£ar(><) —2(ac+bd)euv © T v-m (UV) = fyy 2([U.VIG2)/det(G)
o [det(G)]2 = var(X)svar(Y) — [cov(X,Y)]2 = utvar(Y) + vivar(X) —2=cov(X,Y)-uv = Coexp(—Q(u,v)) where
ofy v (uv)=f u.vIG-1)/det(G e The denominator of the expression is C = 1/2pedet(G) = 1/[2pes yos++(1-1 2)112]
X v/ )_ wz{UVIGT)/det(©) [det(G)]2 = var(X)svar(Y) — [cov(X,Y)]2 o Xy
e But fyy, z(a, b) = (1/2p)+exp[—(a? + b?)/2] o _ and Q(u,v) is given by
o So we need to set e Divide numerator and denominator by [(Us )2 — 2r o(U/S Y)e(VIS ) + (VIS y)2]/2(1—T 2)
a = (du-bv)/det(G) b = (~cu+av)/det(G) var(-var(¥)
Joint pdf of X and Y — Final result Minor nitpick Formal definition — Preamble
° fx,m(,Y,rW(u,v) = fW’Z([u,v]G—l)/det(G) e We derived the joint pdf of X and Y from e XandyY are said to _be jointly Gaussian
= Ceexp(—Q(u,v)) where the joint pdf of the independent unit random variables with meanzs m and ’2“(
C = 1/2p+det(G) = 1/[2pssyesy+(1-r 2)12] Gaussian RVs W and Z assuming that the respectively, variances (sy)= and (sy)®
p peSxeSy matrix G was invertibl respectively, and correlation coefficient r if
and Q(u,v) is given by a _ _as _e € EITHER
[(U/SX)2 — 2re(Ulsy)e(v/sy) + (V/Sy)z]/Z(l—l' 2) e If G is not invertible, then Q) Xis N(m, (Sx)z) and
e The joint pdf of X and Y is given by aw +bZ = e+(cW + dZ) Y = 2(sy/s,)X + (M= my) is N(my, (sy)?)
O - for some constant e (in this case, r = #1 necessarily)
Ceex u—my, V- . .
PQ(U-M m(_)) e In this case, the random variables X and Y OR
where C and Q(u,v) are as defined above are not jointly continuous
Department of Electrical and Computer Engineering
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2 pictures = 2000 words: Part Il

2 pictures = 2000 words: Part | redux

(i) the joint pdf of X and Y is
Ceexp(-Q(u-n, v-m,)

where C = 1/[2pesy*sy(1-12)12]
and Q(u,v) is given by

[(U/s )2 = 2r s(uis Y)e(VISy) + (VIS y)/2(1-r ?)
(in which case |r| < 1 necessarily)

e In either case, the marginal pdfs of X and
Y are the Gaussian pdfs

N(my, (sx)?) and N(my, (Sy)?) respectively
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e X, Yare N, s?)witho<|r|<1
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e X, Y independent zero-mean Gaussians
with variances (sx)? and (sy)?

1)

o j%

(537> (sy)? (5,)2< (Sy)?
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Jointly Gaussian jointly continuous

Properties — |

Properties — Il

o If jointly Gaussian random variables X and
Y are also jointly continuous, then their
correlation coefficient satisfies |r| < 1, and
their joint pdf is Ceexp(—Q(u—my, v—m,))
where C = 1/[2pss yesy+(1-1 2)?] and
Q(u,v) is given by

[(U/s )2 = 2r s(uis Y)*(VISy) + (VIS y)2/2(1~r ?)

e Perfectly correlated (jointly Gaussian) RVs
are not jointly continuous and cannot be
described in terms of a joint pdf
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e If X and Y are jointly Gaussian random
variables with means m and m,
respectively, variances (sy)? and (sy)?
respectively, and correlation coefficient r,
then their marginal pdfs are also Gaussian

e X and Y are N(m, (sy)?) and N(m, (sy)?)

o Note that the marginal pdfs do not depend
on the value of the correlation coefficient

o All of the above holds even if [r| =1
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e If r =0, then C and Q(u,v) simplify to
C = 1/[2pesxesy] and
Q(u,v) = [(u/sy)? + (V/sy)?]/2 and we get
fx v(U,V) = fy (U)*Fy (V)
= Coexp{-([(u-my/s I + [(v-m)/sy]?)/2}
e Moral: Uncorrelated jointly Gaussian
random variables are independent
e In general, uncorrelated random variables
are not independent, but if they are jointly
Gaussian, then they are also independent
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Properties — llI

Marginally but not jointly Gaussian

Double or nothing!

e For jointly Gaussian random variables,
“uncorrelatedness” is the same as
independence

e The adjective jointly Gaussian is important
here: the joint pdf must be jointly Gaussian

e If jointly continuous random variables have
Gaussian marginal pdfs, then mustn’t their
joint pdf be the jointly Gaussian pdf?

e No

e Value of the marginal pdf is the area of the
cross-section of the joint pdf surface

o Let fy y(u,v) = (1/p)eexp[—(u? + v?)/2]
ifud Oandv?3 0,orifu<O0andv<0

e Comparison to independent N(0,1)s: mass
in 2nd, 4th quadrants b to 1st, 3rd

no mass in double mass in
2nd quadrant | 1st quadrant

double mass in | no mass in
3rd quadrant fourth quadrant
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e Value of the marginal pdf is the area of the
cross-section of the joint pdf surface

e In comparison to independent N(0,1)s,
double cross-sectional area in one
quadrant and none in other P marginals
are N(0,1) but joint pdf * jointly Gaussian

no mass in double mass in
2nd quadrant | 1st quadrant

double mass in | no mass in
3rd quadrant fourth quadrant
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Another look at the joint pdf

Non-unique answer

What next?

e We can obtain jointly Gaussian RVs X and
Y starting from unit independent Gaussian
RVs W and Z and setting

X, Y) = (W, 2)G + (mk, m,)
where G is a 2" 2 matrix

e But what should we choose G to be if we
want X and Y to have specified variances
(sx)? and (sy)? respectively, and
correlation coefficient r ?
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eX=aW+bZ+m,Y=cW+dZ+m,

o (sy)? = var(X) = a% + b?

o (sy)? =var(Y) =c? + d?

o cov(X, Y) =resyesy = ac + bd

e Draw concentric circles of radiuses sy, Sy

e (a,b) and (c,d) are any pair of points on the
circle that subtend an angle g = arccos(r)
at the center. For example,

ea=sy,b=0,c=syc0sq,d=syesing
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e OK, so we have found a, b, ¢, and d, such
that X=aW +bZ+m, Y=cW+dZ+m,
have the desired variances (sy)?, (Sy)?,
and correlation coefficient r

o Next, to find the joint pdf, we set up G,
take its inverse, ...

e No, No, No, ... a thousand times No!

e We know the form of the joint pdf: just plug
in the values of my, my, (Sy)?, (Sy)? andr
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Sums of jointly Gaussian RVs — |

Sums of jointly Gaussian RVs — I

Sums of jointly Gaussian RVs — Il

e If X and Y are jointly Gaussian random
variables, then so are
A=aX+bY+gand B =dX +eY +x
jointly Gaussian random variables

e We have seen that (X, Y) can be obtained
from the independent pair (W,Z) of unit
Gaussians by a linear transformation

e (A, B) is obtained from composite linear
transformation (W,2) ® (X, Y)® (A, B)
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e (A, B) is obtained from composite linear
transformation (W,Z) ® (X, Y)® (A, B)

e (A, B) is obtained from (W,Z) by linear
transformation b (A, B) jointly Gaussian

e To find the joint pdf of A and B, never,
ever do it by matrices

e Figure out the means, variances, etc and
plug into the standard form of the pdf!!

e A=aX+bY+gandB =dX +eY +x

o E[A]=E[aX + bY + g =am +bm, +g

e E[B] = E[dX + €Y + X] = dm + em, + X

o var(A) = a(sy)? + b%(sy)?+ 2abrsysy

o var(B) = d?(sy)? + €2(sy)? + 2der sysy

e cov(A, B)
= ad(sy)? + be(sy)? + (ae + bd)rsysy
which gives the correlation coefficient, and
we can thus write down the joint pdf
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n jointly Gaussian RVs — |

n jointly Gaussian RVs — I

n jointly Gaussian RVs — I

e The joint pdf of two jointly Gaussian RVs is
Ceexp(-Q(u—ny, v—))
where C = 1/[2pesy*sy*(1-1 2)2] and
Q(u,v) is given by
[(Ulsx)? = 2r s(uis Y)*(VISy) + (VIS y)/2(1-r ?)
e Both quantities can be expressed in terms
of the covariance matrix R of X and Y

R = (sx)? rsysy
- [rSXSY (sy)? ]
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oR = [(Sx)2 rSXSY]

rsySy  (sy)?
o C = 1/[2pesyesye(1-1 312
= 1/[((2p)V2)2{det(R)}}]
o Q(u,v)= (1/2)+{[u, VIsR1e[u, v]T}
= (1/2)susR~Leu™ where u = [u,v]
o fy y(u,v) can be expressed as
fy(U) = Coexp{~(1/2)+(u-m-RLe(u-m)T}
where u = [u,v] and m= [my, m/]
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e n random variables X, X,, ... X, forming
the vector X = [Xy, X5, ... X,]] are called
jointly Gaussian (and X is called a
Gaussian vector) if their joint pdf is
fx(U) = Ceexp{-Q(u-m}

= Ceexp{~(1/2)*(u-m*R*+(u-m}
where C = 1/[(2p)"2{det(R)}¥?]
Q(u) = (1/2)susR~euT, m= E[X], and
R is the covariance matrix E[(X—m)Te(X—m)]
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n jointly Gaussian RVs — IV

Linear transformations again!

Summary — |

e X is called a Gaussian vector

o Nitpicking: X is also called a Gaussian
vector if it can be obtained by a singular
linear transformation fromm <n
independent Gaussian random variables

e In this case, X is not jointly continuous and
does not possess a n-dimensional joint pdf

e We shall ignore this case which can be
handled in terms of m RVs
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e If X is a Gaussian vector, then Y = XG is
also a Gaussian vector with mean vector
G and covariance matrix G TsR+G

e If R and G are nonsingular matrices, then
the joint pdf of Y can be written down

e Moral: linear transformations of jointly
Gaussian RVs yield jointly Gaussian RVs

e You can do lots by working merely with
covariance matrices
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e The distribution of jointly Gaussian RVs (or
a Gaussian vector) depends only on the
mean vector mand the covariance matrix

R = E[(X-m) T+(X-m)]

e If not jointly continuous, R is singular and
X =WG where W is a vectorof m<n
independent Gaussian variables

o If jointly continuous, the joint pdf is
fx(u) = Coexp{~(1/2)*(u-mR~1+(u-mT}
where C = 1/[(2p)"2-{det(R)}/?]
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Summary — I

Summary — llI

e The marginal pdf of X; is Gaussian with
mean m and variance R;

e The marginal pdfs do not depend on the
values of the off-diagonal entries in R

e Two jointly Gaussian jointly continuous
RVs X and Y have joint pdf given by

Ceexp(=Q(u—ny, v—))

where C = 1/[2pesys*(1-r2)Y2] and
Q) =

[(U/sy)? = 2r s(uis Y)*(VISy) + (VISy)/2(1~1 ?)
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e For any random vector X, the random
vector Y = XG has mean vector nG and
covariance matrix G TeR+G

e If X is a Gaussian vector, then Y = XG is
also a Gaussian vector (with mean vector
nG and covariance matrix G TsRsG)

e The joint pdf of Y can be written down
from this information since it depends only
on nG and the covariance matrix G TsR+G
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