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1. Y(f) = H(f)X(f) = rect(f/2) exp(—mf?), and y(0) = [ Y(f)df = [1 exp(—7f?)df. But, the
integrandis the Gaussian pdf N'(0, (27)~1). Hence, y(0) = ®(v/27)—®(—/271) = 2®(/271)—1 ~ 0.9826

2.

(a)

)

R(t) = P{X; >t} = exp(=Xt) = (0.999)¢ while

Roan(t) = P{Y >t} = 3((0.999)")% — 2((0.999))3 = 3(0.999)% — 2(0.999)3". The two functions
both have value 1 at t = 0 and are pretty flat for small values of ¢, though it is always true that
Rrur(t) > R(t) for small t > 0. The two curves separate out as t increases, but ultimately for
t > 650, the curves cross and Rryr(t) < R(t) for large values of ¢. Note that the curves must
cross over since E[X;] = [ R(t)dt > E[Y] = [ Rrur(t) dt and so it cannot be that Ry (t) > R(t)
for all ¢t > 0.

h(t) = A= —1n0.999 = 0.00100050. .. is a constant while
61(0.999)% — 6)(0.999)3¢ 1 —0.999 .
hrur(t) = 3(0.999)% — 2(0.999)% = 6Ag— 3(0.999)" has value 0 at ¢ = 0 but asymptotically

approaches 2\ = 2h(t) as t — oco. In fact, hoygr(t) exceeds h(t) for ¢t > 510.5.. ..

The pdfs are as shown below.

Aw) = f1(w) _10- exp(—10u)
fo(u) 5 - exp(—5u)
which has value 2 at v = 0 and decays away to 0 as u — co. Note that A(u) > 1 for u < 0.21In2.

Thus, the likelihood ratio test is equivalent to deciding in favor of Hy if the observed value of X
is smaller than the threshold 0.21n2. Equivalently, T'; = (0,0.21n2),Ty = (0.21n 2, 00).

=2 - exp(—bu)
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Py = fo(u) du = / 5 - exp(—5u) du = — exp(—bu) =—=—(-1)=-.
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Pyp = fi(u) du = / 10 - exp(—10u) du = — exp(—10u) =0—(—exp(—2In2)) = -.
To 0.5In2 0.21n2 4
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A(u) = 2-exp(—bu) > — foru < 0.2In | — | =0.2In240.2In { — | = &. Thus, the minimum-
T o T

error-probability decision rule is equivalent to deciding in favor of H; if the observed value of X
is smaller than £. Note that £ < 0 if my > 2y, that is, if mg > 2/3..

If mp = 1/3, then £ = 0.21n4. Hence,
0.21n 4i

0.21n4é
Py = / 5 - exp(—bu) du = — exp(—bu)
0
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Pup = / 10 - exp(—10u) du = — exp(—10u)
0.21n4i

1
=0— (—exp(—2In4i)) = 6

1 2 7
§PFA + §1PMD = ﬂ
Bayesian decision rule allows Py, to increase in return for a decrease in Py, because the latter is
weighted more heavily.

The average error probability thus is P, = Note that since my < 7y, the

If the decision rule always decides H; is the true hypothesis it makes errors if and only if Hy is
the true hypothesis. Hence, P, = mg.



(g) When 7y > 2/3, the threshold ¢ is less than 0. Since X takes on nonnegative values, it is always
larger than the threshold, and hence the decision is always Hy. The average error probability is
w1, and since this is the minimum-error-probability rule, we cannot do any better than this. Note
that m < 1/3
When 7y > 2/3, it follows that w9 > 2m;. The average probability of error for the maximum-
likelihood rule is 7 - (1/2) 4+ 71 - (1/4) > 271 - (1/2) + 71 - (1/3) = 1.25m;.

4. The joint pdf is as shown in the figure below.
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(a) From the left-hand figure above, fx(a) =0 for a« < 0 or & > 1, while for any «,0 < a < 1,

* g '3 1 3.1
f,y(oz):/ f;\(,y(a,’l})dv:/ —dv—i—/ —dv=-(l-a)+-a=-+a.
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(b) When the pdf has constant value over a region, we can find the probability that the random point
lies in that region by finding the area of the region and multiplying by the pdf value.
1 1 1 1
Thus,P{X+y§3/2}:1—P{X+y23/2}:1—g><[ }:1_2
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andP{X2+y221}=;>< [1—%

5. The pdf is nonzero over the shaded region in the left-hand figure shown below.

(a) , (b) From the figure above, we get that for v > 0,

3

fyv) = /uu:—m c(v? — u?) exp(—v) du = ¢ [U2u - %] exp(—v)

=—v

u=-+v 4
=c (§> v exp(—v)

U=—v

which is of the form of a gamma pdf with parameters (4, 1). Thus, 4¢/3 =1/T'(4) =1/3 = c=1/8.

<1 1
On the other hand, for u > 0, fx(u) = / g(v2 —u?) exp(—v) dv = 4_1(1 + u) exp(—u), while if
v=U
u < 0, the limits are v = —u and co. Consequently, fx(u) = (1 + |u|) exp(—u), —00 < u < co.

oo
(c¢) The pdf of X is an even function of u and / fa(u) du is finite. Hence, E[X] = 0.
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6. (a) The joint pdf is nonzero on the shaded region shown in the right-hand figure above.



(b) For u >0, fx(u) = /00 2exp(—u — v) dv = 2exp(—2u) and fx(u) =0 for u < 0.

v
v

For v > 0, fy(v) = / 2exp(—u — v) du = 2exp(—2v) and fy(v) =0 for v < 0.
0
Note that both marginal pdfs are exponential with parameter 2.

(¢) No, the eyeball test says that the random variables are dependent.
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(d) P{Y >3x} = /000 /003 2(exp(—u —v) dvdu = / 2 exp(—4u) du = %

=0
(e) For a > 0,

a/2 pra a/2
P{X+Y<a}= / / 2e "V dvdu = / 2eU[e™™ — e~ ] du = (14 a) exp(—a).
u=0 v=0 u=0
d

) fz(a) = %Fz(a) = %P{X +Y < a} = %(1 + a)exp(—a) = aexp(—a) for « > 0 and

fz(a) =0 for o < 0. This is a gamma pdf wiith parameters (2,1).



