University of Illinois Fall 2006
ECE413: Problem Set 3

Due: Wednesday September 13 at the beginning of class.
Reading;: Ross, Chapter 2, Sections 1-5, and Chapter 4
Noncredit Exercises: DO NOT turn these in.
Chapter 4: Problems 2, 7, 13, 28, 35, 39, 40-43;
Theoretical Exercises 11, 13, 15; Self-Test Problems 1-10.

This Problem Set contains six problems

1. For o > 0, the Gamma function I'(a) is defined as I'(a) = / 2 Lexp(—x) dz.
0

(a) Show by integration that I'(1) =

(b) Use integration by parts to show that I'(ow + 1) = oI'(«), and use this to deduce
that I'(n + 1) = nl.

(c) If v is not an integer, show that I'(a+1) = a(a—1)(a —2) -- - T'(a — | ¢]) where
|| is the integer part of . Note that 0 < o — || < 1. For 0 < g < 1, T'(9)
must be evaluated by numerical integration, except. ..

d) show that I'(}) = /7. Hint: make the change of variables v/2z = y and then
2
look at Problem 2 of Problem Set 2.

2. Find P(A U (B°U C%)°) in each of the following four cases:

(a) A, B, and C are mutually exclusive events and P(A) =1/3.
(b) P(A)=2P(BNC)=4P(ANBNC)=1/2.

(c) P(A)=1/2, P(BNC)=1/3,and P(ANC) =0.

(d) P(A°N(B°UC*)) =0.6.

3. [“Eat your broccoli, dear; it’s good for you”]

(a) Your mother has bought three servings of broccoli and two servings of cauliflower
for next week (Monday through Friday) and will serve one vegetable each day.

i. Define an appropriate sample space that includes all possible outcomes of
this experiment (which you don’t get to perform: it is performed on you!).
Assume that all the outcomes are equally likely.

ii. What is the probability of having broccoli on Monday?

iii. What is the probability of having broccoli on Monday and Friday?
iv. What is the probability of having broccoli on Monday, Wednesday, and Fri-
day?

(b) Suppose instead that A, B, and C denote the events that your mother serves
asparagus, broccoli or cauliflower for dinner. From (bitter?) experience, you
know that these events are mutually exclusive and that P(A) = 0.2, P(B) = 0.5,
and P(C) = 0.3. Each day is an independent trial, that is, your mother, a
lady of formidable temperament albeit limited culinary skills, makes independent
decisions as to which vegetable to serve without taking into account your opinion
that Cheetos is a vegetable that goes well with any entree. Over a three day
period, what is the probability that



i. she serves the same vegetable on all three days?
ii. she serves the same vegetable exactly two days out of three?
iii. she serves different vegetables on the three days?
(c) Optional for 0 Comp II credit: Write a 500-word essay on why you like dorm
food so much.
(In2)™

30n)) for all

4. (a) 2=1{0,1,2,...} is a countably infinite sample space with P(n) =
n > 0. Remember that 0! = 1.

i. Show that P(Q2) = 1 for this probability assignment.

ii. Prove that the probability that the outcome is an even number is 5/8. Re-
member that 0 is an even number.

(b) Bob & Carol & Ted & Alice take turns (in that order) tossing a coin with
P(H) =p, 0 < p < 1. The first one to toss a Head wins the game. Calculate
their win probabilities P(B), P(C), P(T'), and P(A) and show that

i. P(B) > P(C)> P(T) > P(A).
ii. PB)+P(C)+ P(T)+ P(A) =1.

5. Use a spreadsheet/Mathematica/MATLAB for this problem.

Let A denote an event of probability p.
(a) For p = 0.1,0.25,0.4,0.5,0.7,0.75, and 0.9, find the numerical values of the
probabilities that A occurs 0,1,2,...,10 times on 10 trials.

b) You have computed the pmf of a binomial random variable X, with parameters
p
(10, p) for seven choices of p. For each value of p, draw a bar graph of the pmf
of &,. (The pmf of Xj5 is shown on page 157 of the text!).

(c) What is the relationship between the pmfs of &}, and &j_,?
6. Let X denote a binomial random variable with parameters (N, p).

(a) Show that Y = N — X is a binomial random variable with parameters (N, 1—p).

(b) What is P{X is even}? Hint: Use the binomial theorem to write an expression
for (x +y)" 4+ (x — y)™ and then set z =1 —p, y = p.



