Chapter 4 Random Variables

Random variables are used to model phenomenain which the experimental outcomes are
numbers, e.g. 1, 2, 3, or 3.213678... instead of labels such as Head or Tail or Luke or Darth
Example W= A, or W=2Z

We do not know for sure which number will be observed when the experiment is performed;
only that it is some number in the sample space W

X denotes the random number that we observe. It iscalled arandomvariable.

A different number (value of X) istypically observed on each trial of the experiment

Hence —variable

Number X isan outcome of arandom experiment . Hence —random
Alternative formulation

A random variable X is obtained by associating real numbers with the outcomes of random
experiments
We have aready used thisidea before, but we did not bother to give it aforma name

Example: The experiment consists of tossing acoin twice. X denotes the number of heads
observed

Outcome Vaueof X
HH 2
HT 1
TH 1
TT 0

In this alternative formulation, X is also thought of as the function or mapping that maps W
into real numbers

Digression for brief review
A functionisamapping from a set called the domainto a set called the co-domain

A function f with domain A and co-domain B isdenoted f: A ® B

Every x1 A isassociated with somey 1 B
y istheimage of x, and x isthe pre-image of y. Wewritef(x) =y

Every x1 A hasanimagef(x)1 B
Every y1 B need not have apre-imagein A
Andementy ] B might have more than one pre-imagein A

Thesetof dl y1 B that have pre-imagesin A iscalled the range of f
In the picture shown below, the range is the shaded oval-shaped set.

Domain Co-domain

© 1997 by Dilip V. Sarwate. All rights reserved. No part of this manuscript may be reproduced, stored in aretrieval
system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, recording, or otherwise
without the prior written permission of the author.



Chapter 4 Random Variables 64

« A random variable X isafunction X: W® A. Here, A denotesthe set of all real numbers
» Every outcome in the sample space Wis mapped onto areal number by the function X

» Therea number assignedtow 1 Wis denoted by X (w)

* Example w X (w)
HH 2
HT 1
TH 1
TT 0

* Thereisnothing random about this function. It always maps HH onto 2, for example

* Therandomness arises from the fact that we do not know which of the 4 outcomes will occur,
and hence we do not know which of the 3 numbers 0, 1, 2 will be observed

«  Thenumbers0, 1, 2 occur with probabilities g2, 2pq and p? respectively; p = P(H) = 1—q
« Inthisalternative formulation, the function X : W® A isafixed (i.e., nonrandom) map
« wl Walways has thesamereal number X (w) asitsimage

« Randomnessliesin which outcomew1 Woccurred, and not in the mapping — the mapping is
unchanging

» Theobserved value X (w) depends on whichw occurred on the trial of the experiment

« Nomenclature: Although X isafunction W® A , welook at the random values observed
on repeated trials, and conclude that we are dealing with arandom variable

« Nomenclature: Although X isafunction W® A , the observed values X (w) are arandom
variable

* More nomenclature: We drop the explicit dependence onw and just write X instead of X (w)

* Mini-digression: Dropping the argument of afunction is a despicable trick commonly used
by mathematicians and engineering professors to confuse engineering students

« If u(x) and v(x) are functions of x, then ddlj(/v _vdu ;2 u dv

dH _,
dxLO ™ °
LO d(HI) minus HI d(LO), E-I-E-I-O
Undernesath, there' sthe square of LO, E-I-E-I-O
With adx here, and ady there,
Y es, there’ s hope you can cope
Oh, the joys of calculus, E-I-E-I-O
o If x(t) istheinput to alinear time-invariant system with impulse response h(t), then the output
y(t) isgiven by
y =x*h=h*x
* End of mini-digression

« Thefunction X: W® A gives usrea numbers to associate with outcomes
» Thereisnothing random about the mapping — it aways assigns the same number to each
outcome

* Thevalues X (w) that we observe over a sequence of repeated trials change randomly from trial
to trial as different outcomes occur
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» Weabuse notation and say that we have arandom variable X (instead of X (w))

* Wedrop the explicit dependence on w when we are talking in general about the random values
observed

* Weshdl say “Let X denotearandom variable...”

»  Wewill sometimes need to discuss a specific outcome w; and itsimage, which isthereal
number X (w,)

*  Why bother with the alternative approach with mappings etc. at al? Why not just think of
random variables as real numbers that we observe directly?

* Inmany instances, the notion of associating real numbers with actual outcomes is more natural
or reasonable

 Example: Anexperimentisrepeated 4 times. Let the random variable X denote the number
of timesthat an event A occurred on these 4 trials. Thus, X (A, A, A%, A9 =2 and

4
P(x =2)= (5) P

* Fundamenta scientific advances have been made by insisting that every random variableisa
mapping from a suitably defined sample space to the real numbers

» Thetrick liesin being smart enough to figure out the sample space and the map

 Example: Pressure exerted by agasis caused by the gas molecules striking the walls of the
container. A suitable probabilistic model for the velocities of the molecules led to the Maxwell-
Boltzmann theory and the devel opment of statistical thermodynamics

» Example: By postulating a probabilistic model for electron energiesin solids, we get
important information about semiconductors and their properties, charge transport, properties
and behavior of junctions, noise phenomena, etc

» Example: Smpleionization models lead to explanations of how and why RF signals seem to
repeatedly fade away and then grow stronger again

* Example: Models of arrival processes alow usto study queues and find optimum buffer
Szeseic

* Wemay not have agood model for the underlying sample space

*  Wemay not understand the map from the sample space to the real numbers very well

* Understanding in detaill might be left to future generations

* Example: Noisein aresistor is caused by the random motion of electrons. The exact voltage
valueisafunction of al the positions of all the electrons. Maxwell’s equations give the answer
in theory, but the computational task isformidable

« Weshal insist that arandom variable always is a mapping from a sample space Wto A
— evenif we do not have agood idea about the sample space
— evenif we do not have a good idea about the exact mapping X : W® A or cannot compute

it exactly in aparticular case

* Summary: A random variable X denotes two different things

» X isthe name of the fixed, unchanging, nonrandom, function or rule that assigns real numbers
to the outcomes in a sample space

e X:W® A

« Every outcomew 1 Wis mapped onto the real number X (W) T A
* Every rea number need not have a pre-imagein W
* More than one outcome may be mapped onto the same number
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X isaso the name assigned to the numbers we observe when the experiment is repeated

If the outcome on a particular trial iswy T W, we say that the random variable X has taken on

valueX (wq) onthistria

The values observed vary randomly as the experiment is the experiment is repeated

— hencerandomvariable X

Thefunction X : W® A isunchanging — we always map HH onto 2 — but the observed
value of X depends on which outcome occurred

Astrials of the experiment are performed, we can keep track of the observed values

If adiscrete set of values occurs repeatedly, our picture might look as follows

A discreterandom variable X takes on discrete values uq, U, Ug, ... Up, ...

whereu; <up<ug<...<Up<...

Therange of X might befinite (n valuesuy, uy, ug, ... Uy) or it might be countably infinite
(Ul, Up, Uz, ... Up, )

As apractical matter, we can never observe an infinite number of values, so some modeling is
necessary

Another possibility for the experiment is that different values occur on each and every tria

If our line looks like this after afew billion trials, we say that X is a continuous random
variable

Once again, some modeling isinvolved in making the jJump from the finite set of observed
values to the continuum of values

If the valuestaken on by X are different on each and every trial, we assumethat X can take on
any valuein A, or any valuein aninterval in A

We say that X is acontinuousrandom variable with range A or range (a,b) or (a,b)E(c,d)...

Assumption: X can take on any value in some interval Some modeling isinvolved in making
the jump from the finite set of observed values to the continuumof values especially in jumping
to the conclusion that X can beany real number

Example: All the observed valuesof X arein the range (-219.82, +422.19)

Should we model X astaking onall valuesin A ? or just al valuesin theinterval
(—=219.82, +422.19)? or just all valuesin theinterval (-500,+500)?
A mixed random variable takes some values repeatedly (just like a discrete random variable),

while some other values are all scattered (and different) in an interval (like a continuous random
variable)
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o W W W) O

* A random variable takes on different values as the experiment is repeated
*  Wewant to describe thisin probabilistic terms

* What isthe probability that X takes on the value 9.621354?

* What isthe probability that X £ 9.621354? or X £ 39?

» Probabilities represent relative frequencies

* If X takeson vaue 2 with probability 1/3, then 2 should occur on roughly one-third of the
trials

o If X £ 0with probability 1/2, positive numbers should occur on half thetrials
» Simple caseslead to Ssmple answers

» LetX beadiscrete random variable where the underlying sample space and the map are well-
understood

» Then, we can just compute probabilities directly

 Example: X denotesthe number of heads observed on N independent tosses of abiased coin
withP(H) =p

+ X takesonvalues0,1,2,..,N +  P{X =Kk} =PB(kN)) = (| )pkaN-¥

* X iscdled abinomia random variable with parameters (N, p)

 Example: X denotes the number of independent tosses of a biased coin (with P(H) = p)
needed to observe the first head

« X takesonvalues1,?2, ... . P{X =k} = P(C(k)) = pak~L;

» X iscadled ageometric random variable with parameter p

» Example: X denotes the number of tosses of a biased coin (with P(H) = p) needed to
observe the r-th head

+ X takesonvaluesr, r+1, ... . P{X =k} = P(C(k;r)) = (lﬁj) P,

» X isanegative binomial random variable with parameters (r, p)

»  Common approach (useable for defining probabilities for all random variables) is based on the
cumulative probability distribution function (CDF or cdf)

» CDF isdenoted F(u) or Fy (u)

e uisany number, ¥ <u<¥

e F(u)=P{X £u} foralu

* Thetext usesthe notation F(x) = P{X £ x}

» Unfortunately, thisleads to much confusion in students' minds

* What isthe difference between X and x? . Is x the random variable?

» Sincethevaue of F(u) isaprobability, weknow that 0 £ F(u) £ 1 forall u,—¥ <u<¥
A

1

Graph of F(u) lies between
these boundaries

u

»

F(8.23) = P{X £ 8.23} . F(38.76) = P{X £ —38.76}
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* Clearly, if we observethat X hasvalue-50.12 £ —38.76, then thisvalueisalso £ 8.23
 F(-38.76) £ F(8.23)

* Moregenerdly, if a and b are real numberswith a < b, then F(a) £ F(b)

*  F(u) isanon-decreasing function of u

. F(—¥) = |||T]u® _¥F(U) =0 4 F(+¥) = ||mu® +¥F(U) =1

* F(u) =limye o,g>0F(u+d) = F(u™)

* These are examples of the set-continuity properties of probability:
the probability of alimit isthe limit of the probability

» Digression: f(x) is continuousat x = aif both f(a+d) and f(a-d) converge to the same limit f(a)
asd® 0

» f(x) hasajump discontinuity at x = aif both f(a+d) and f(a—d) converge asd ® 0 but only one
of these limits convergesto f(a)

—

* F(u) =limgg o,g>oF(u+d) = F(u™)
* Thisissayingthat if F(u) has ajump discontinuity, then its value at the discontinuity isthe
limit as we approach from the right, not from the left

1—/7

_— u

>

* F(u) issaid to be continuous fromthe right, or a right-continuous function

* F(u) iseither continuous, or if it has ajump discontinuity, then its value isthe limit from the
right (which isaso the “upper” value)

 Example: X isthe number of heads when abiased coin with P(H) = p istossed twice
« X takesonvaues0, 1, 2 with probabilities g2, 2pg and p2

e P{XEu} =0foranyu<0O

« P{X £0} =¢?

« X takeson values0, 1, 2 with probabilities g2, 2pq and p2

« P[XE£u}=qg?for0f£u<1

e P{X £1} =g+ 2pq=1-p?

e P{XE£u} =1-p?forlf£u<?2

e P[XE2}=1

 P(XEu}=1for2£u

i 0, foru<o0
_t¢? forOEu<1
e F(u) = 112
~1p forlEu<?2
I1 for2£u
University of Illinois Probability with Engineering Applications ECE 313
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1F(u)

1-p° 1

q u

1 ) g

» |f Wor the mapping X isnot clearly defined and we only have observed values of X over
many trias, the relative frequencies are used as the probabilities

 Example: X =0,1,20n 20, 62, 18 trials. The “jumps’ are 0.2, 0.62, and 0.18 respectively

 Example: If wemodel X as acontinuous random variable after observing the result of N
trias, there are N jumps each of size 1/N. Approximate by a smooth function

F(u) T

T u
» The CDF includes all the probabilistic information about the random variablé X
« P{X £u} =Fu)=Fu" . P{X >u} =1-F(u)
 P{X <u} =Fu)=Ilimit from the |eft as we approach u
e P{X £u} =F(u)=Fu" . P{X <u} =F(u)

« If F(u) iscontinuous at u, then F(u*) = F(u™)
e {XEU ={X<uE{X=u
* If F(u) iscontinuousat u, then P{X =u} =0

*  P{X =u} =0 does not mean that the event { X = u} will never occur. If it doesoccur at al, it
will occur very infrequently and its relative frequency will convergeto O

e {XE£b}={X £aE{a<X £Db} . P{a< X £ b} = F(b) —F(a)

* CDF of arandom variable X is denoted by F(u) or Fy (u)

* uisany number, =¥ <u<¥

e Fu)=P{X £ u} foralu

* F(u) isanon-decreasing right-continuous function with limiting valuesO at =¥ and 1 at +¥
* Nondecreasing: If a <b,thenF(a) £ F(b)

* Right-continuous: F(u) = limyg o g-oF(u+d) = F(u*)

e Limitingvaues. F(—¥)=Ilim,e_yFu)=0 F(+¥) =limyg +yF(u) =1

* Notethat thisimpliesthat 0 £ F(u) £ 1

» Atajump discontinuity, the value of F isthe limit as we approach from the right, and not the
limit from the left
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u
—— .
* At any number u, F(u) is either continuous, or it has ajump discontinuity. The value of F at
the point u isthe limit from the right (which is also the “ upper” valuein the case of ajump
discontinuity)

¢ F(u") ="lower vaue’ = limyg o g>gF(u—d) = P{ X <u}

e P{a<X £Db} =F(b)-F®@a)

« Pla<X £b} =F(b") -F@" . P{af£ X £ b} =F(b*) —F@)

e PlaE X <b} =F(b")-F@) . P{a< X <b} =F(b") —F(a")

* If F(u) is continuous, these formulas give same results

* If F(u) iscontinuousat a, then P{a<X £ b}=P{a£ X £ b} and P{a£ X <b}=P{a<X <b}

* If F(u) iscontinuous at b, then P{a< X £ b}=P{a< X <b} and P{a£ X £ b}=P{a £ X <b}

« If F(u) is continuous at both aand b, then F(a*) = F(a") and F(b*) = F(b™), and all four
probabilities are equal

e Thatis,Pla<X £b} =P{a£ X £b} =P{a£ X <b} =P{a< X <b} =F(b) —F(a)

» Although the CDF allows us to calculate probabilities and treat al random variablesin the same
manner, it is often cumbersome in use

» For both discrete and continuous random variables, there are descriptions that are much easier
to use
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Discrete Random Variables
» The CDF of adiscrete random variableis a series of steps

1F(u) :

1—p2-- o o
q2 < ) u
L 1 2 >

» |t sufficesto know the height and location of each step

* Adiscreterandom variable X takes on discrete values ug, up, Ug, ... Up, ... Where
Uy <Up<Ug<..<Un<...

* The probability mass function of X tells us the probabilities with which these values occur

» The probability mass function (pmf) of X, a'so known as the discrete density function of X, is
denoted by p(u) or py (u)

* p(e) isafunction with domain{uq, u,, us, ...} and range[0,1]
* pu)=P{X=u},i=123, ..
» Properties of apmf:

1. p(u) 2 Oforalli

2. é p(uj) =1

« Fu= 3 p(u)

u £u
* The pmf specifiesthat a probability mass of p(u;) islocated at u;, i = 1, 2, 3, ...
* Masses are nonnegative, and the total probability mass=1

o p(uy)=P{X =uy},i=1,23, ... isasystem of point masses
*  F(u) = total massto theleft of (and including) the point u
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» Later, we shal give meaning to the concepts of center of mass and moment of inertia of these
point masses

 Example: X isthe number of heads when abiased coin with P(H) = p is tossed twice
« X takesonvaues0, 1, 2 with probabilities g2, 2pqg and p2
«  Thepmf of X isp(0) = g2, p(1) = 2pq, p(2) = p

« FUu= § p(u)

u £u
\IO foru<o0
. =2 - -n2 . :'q forO£u<l1
p(0) =a% p(1) = 2pq, p(2) = p R =1 o lfuco
l'1 for2£u

* Previoudy encountered pmfs

* Binomial random variable with parameters (N, p) takesonvaluesO, 1, 2, ... , N
N
+ po=P{X =k = (| )pka

 Geometric random variable with parameter p: Fork =1, 2, ... p(k) = P{X =k} = qu—l

* Negative binomia random variable with parameters (r, p) takeson valuesr, r+1, ...
Fork=r,r+l, ..., p(k)=P{X =k} = (lﬁj)pqu_r

* Poisson random variable with parameter | takesonvauesO, 1, 2, ...

k
¢ Pl =exp( ). k=0,1,2, ...

* ForlargeN and small p, the (N, p) binomial random variable is approximated by the Poisson
random variable with parameter | = Np
¥ ¥ | K ¥k
a pk) = a exp(-| )— = exp(-| )a — =exp(-1)exp(l) =1
k=0 k=0 o K!
*  The Poisson pmf arisesin many appllcamons
* Read pp. 154-162 of Ross and Example 8 by yourself

» A discussion of the Poisson pmf (and its relation to some continuous random variablesis
deferred till later in the course)

i* Onexams, | expect you to know what 1s meant by the phrases“Binomia random variable with
parameters (N, p)”, “ Geometric random variable with parameter p”, and “ Poisson random

variable with parameter | ”. 'Y ou should know what their pmfs are (as well as their means and
variances — concepts defined allittle later in the course)
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Continuous Random Variables

«  Continuous random variables can take on all possible valuesin A (or an interval, or a union of
intervalsin A)

* The CDF F(u) of a continuous random variable is continuous everywhere

*  F(u)iscontinuousfor all u, =¥ <u<¥

* A random variableis said to be continuousiif its CDF F(u) is absolutely continuous, i.e.
differentiable everywhere (except possibly at some finite set of points, where it is continuous but not
differentiable)

tF(u) tF(U)

_ //u u

« Pla<X £b} =F(b)-F®@)
 P{af X £ b} =FK(b) — F(a) also because F(u) is continuous everywhere

e Letb=a+dwheredissmal
e PlaEX £a+d} =Fa+d)-F@="

Fa + d) - F@) oigs

* Digression: F(u) issaid to be differentiable at the point a if limyg g

d
* Thevalueof thelimit is called the derivative of F(u) at the point u=a
dF(u) dF
+ =" o
. f(a)= Iimd®0F(a ¥ dg —F(a) = dlope of F at point a
 Ifdissmdl,thenF(a +d)—F(a) » f(a) d
* The approximation improves as d gets smaller and smaller
e Ifdissmdl,thenFa +d)—F(a) »f(a) d
'y
. PR
2
F(a+d)
e
P 1e—df(a)
F(a)
a a+td i’
* End of digression
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If the continuous random variable X has CDF F(u), then f(u) = dF(u)

density function (pdf) of X. Notethat f(u) 2 O.

Plag X £a+d} =F(@a+d)-F@) »f(a d

The pmf of adiscrete random variable describes the locations of a set of point masses
If p(0.2) = 0.3, the random variable takes on value 0.2 with probability 0.3

Thetotal probability mass equals 1

In contrast, P{ X = u} =0 for all ufor acontinuous random variable X

Remember F(u) is continuous everywhere so that P{X = u} = F(u™) —F(u) =0
forall u,—¥ <u<¥

Where did the probability disappear?

For continuous random variables, it makes no sense to ask for the probability of occurrence of
a specific valuefor X

It makes sense to ask for the probability that X has value in someinterval, and these
probabilities are nonzero

Forsmald, Plat X £a+d} =F(a+d)—F@ » f(@ d>0if f(a >0

With continuous random variables, there are no point masses; instead the total probability mass
is spread along the real line with variable density

The density of the probability mass at different pointsis given by the probability density
function (pdf)

If f(1) islarge, the massis very dense there

If f(2) issmall, the massis not very dense there

B
The value of f(u) is not the probability mass at the point u; it is the density of the mass at the
point u
The units for f(u) are mass/unit length, e.g. oz./in.

is called the probability

To get amass, you must “multiply” by alength, e.g. P{aE X £ a+d} » f(a) d

Suppose that F(u) isnot differentiable at a
There can only be afinite number of such points

In such cases, f(a) istaken to be equa to the “derivative from the right” or the “ derivative from

the left”
tF(u)
/4
/]
R >
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e PlaEX £a+d} =Fa+d)-F@ »f(a) d
« PlaE X £a+d} »f(a) d=areaof rectangular strip of width d and height f(a)

1f(u)

f(a)

f(a+d)

u

a a+d

» For continuous random variables, it makes no sense to ask for the probability of occurrence of
aspecific valuefor X

* It makes senseto ask for the probability that X has value in some interval, and these
probabilities are nonzero

e Forsmald, P{aE X £a+d} =F(a+d)-F@ »f(@ d>0iff(a)>0

»  With continuous random variables, there are no point masses; instead the total probability mass
is spread along the real line with variable density

* Thedensty of the probability mass at different pointsis given by the probability density
function (pdf)

» Thevalue of f(u) isnot the probability mass at the point u; it is the density of the mass at the
point u

* Theunitsfor f(u) are mass/unit length, e.g. oz./in.
* Toget amass, you must “multiply” by alength, e.g. P{aE X £ a+d} » f(a) d

. = FW . So, F(u) = ¢f(u)du 72

* Not quite

» Letusfirsttry to expressP{a£ X £ b} interms of the pdf f(u)

e PlaEX £Db}

=P{aE X £ atd} + P{a+td £ X £ at+2d}+ P{a+2d £ X £ a+3d} + ...
N-1
+ P{a+(N-1)d £ X £ a+rNd} » & f(a+id) d wherea+Nd = b, i.e., N = (b-a)/d

i=0

e P{af X £a+d} »f(a) d=areaof rectangular strip of width d and height f(a) as shown
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f(a+d)

Random Variables

f(u)

f(a)
u
a a+d
N-1
. PlaEX £Db} » g f(arid) d
i=0
A
f(u)
f(a+d) —; f—(;sa+2
U
a \; b

a+2d a+(N-1)d
 P{af X £ b} =Ilimit of total areaof stripsasN ® ¥, d® 0

i

fla+d) —

f(u)

)

O

a \,

b

a+2d a+(N-1)d
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 P{af X £ b} = Areaunder the pdf curvefromato b

1f(u)

u

a b
» P{af£ X £ b} = Areaunder the pdf curvefromatob
o P{—¥ £X £ b} =P{X £ b} =F(b) = Area under the pdf curve TO THE LEFT OF the point b
o P{—¥ £X £¥} =1=TOTAL AREA under the pdf curve
e Summary:
* f(u), the probability density function (pdf) of a continuous random variable, is the derivative of
the CDF F(u)

cfw=TY v cucy

» The pdf isnot the probability of an event

* The pdf measures how dense the probability massisat any point on thered line. Itis
measured in units of probability mass/unit length

* To get aprobability mass, we must multiply by alength

e Forsmal vauesof d, P{aE X £a+d} »f(a) d
* Properties of apdf:
e f(us0
» Tota AREA under the pdf curve equals 1
* Any function satisfying these two propertiesisavalid pdf
* How do we compute probabilities from the pdf?
o P{X =u}=0foralu
 Forsmalvauesofd, P{a£ X £a +d} »f(a) d
= AREA of rectangular strip of width d and height f(a)
 P{af X £ b} = AREA under the pdf curvefromatob
» CDF F(b) = AREA under the pdf curve TO THE LEFT OF the point b

 Example: Isthefollowing avalid pdf?
; _{ 20, 10.5 £ u £ 10.55,
W=9 o, elsewhere.
* ALWAYSBEGIN WITH A SKETCH of the pdf curve

* ThingsareaLOT easier when you can visualize them with a sketch in front of you
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f(u) 5

u;

10.57 “10.55
e Isf(u)3 Oforalu? Yes

» Isthetota areaunder the pdf curve=1?Yes! AREA =20 (10.55-10.50) =1

» Sothisisavalid pdf

* How canthisbeavalid pdf? Its value exceeds 1, and probabilities cannot exceed 1
» f(u) isnot aprobability; it is the density of the probability mass at u

f(u) 45

10.57 >10.55

* The probability massisvery dense in the vicinity of 10.525

»  Onecannot have extensive regions of high density because the total probability massislimited
tol

 Example: Isthisavalid pdf?
_J 2y, -1£u£Q,
f(u) = { 0, elsewhere.
* No, because f(u) is negative
* Bzzzt! Wrong answer!!
* Thisillustrates the danger of not beginning with a sketch of the pdf. SKETCH FIRST;

THINK LATER
> f(u)

—1 0 u

\

e f(uso0
 AREA =(1/2) base dtitude=1
* What isthe CDF of thisrandom variable?

* Weneedto find F(b) = AREA under pdf curve TO THE LEFT of the point b, and we need to
doit for al possible values of b

* Let'sfind F(b) for b=-2.1, b =-0.6, and b = 0.5 and try to generalize the answers
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> f(u)
-1 0 u

* BY INSPECTION of the graph, F(-2.1) = AREA to the left of point b =-2.1is0
* A littlethought shows that the areais O no matter what b £ —1 we choose

> f(u)
-1 0 u

* BY INSPECTION of the graph, F(0.5) = AREA to the left of pointb=0.5is1
* A little thought shows that the areais 1 no matter what b 3 0 we choose

> 1f(u)

1.2—

-

»

\

-1 0.6 0 U

-
>

¢ F(-0.6) = shaded area= 1-unshaded triangular area=1—(1/2)" 0.6" (1.2) = 1—0.62= 0.64
« Moregeneraly, F(b) =1—b?forany b, -1 £b £ 0
;0 ut -1,

T
e Summary: F(u) :%1 - u? —1£u£0,
1, us 0.

* Quick check: Limits? Get pdf on differentiating?
A

b
* Thebook says (p. 193) F(b) = ¢f(u)du
¥

 ThisisHIGHLY DANGEROUS
« Inafew weeks time, you will bewriting thisas F(u) = ¢f(u)du = g—2u du = —u?
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*  ALWAY Sremember F(u) asthe AREA under the pdf curve, NEVER astheintegral of the pdf
curve — you will soon confuse the integral and the antiderivative

« NAFTA=? . Remember ANTFA: AREA, Not The Antiderivative

» f(u), the probability density function (pdf) of a continuous random variable, is the derivative of
the CDF F(u)

. i =9,
» The pdf isnot the probability of an event; we must multiply by length to get probability
* Properties of apdf:
o f(uso0
» TOTAL AREA under the pdf curve=1
e P{X =u}=0foralu
e For small values of d,
P{a£ X £a +d} »f(a) d=AREA of rectangular strip of width d and height f(a)
 P{af X £ b} = AREA under the pdf curvefromatob
* CDF F(u) = AREA under the pdf curve TO THE LEFT OF the point u
* Infinding a CDF, we must specify the value of F(u) for all u

¥ <u<¥

$(34)(1-u?),  u<1,
 Example: X haspdf f(u) =]
0, elsewhere.
Find P{0.25 < X < 1.25}.
1.\%)5 3 il2 47
+ P{0.25<X <125} = 1-u?)du = S(u—u3/3); ==
{ b= QUAAdu= e =g

0.25
e Bzzzt! Wrong answer

* Onceagain, thisillustrates the danger of not beginning with a sketch of the pdf.
SKETCH FIRST; THINK LATER

i

0.75 1)

-1 1
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0.75—1(u)

ay

1 1
e P{0.25< X <1.25} = areafrom 0.25 to 1 under (3/4)(1-L?)

1

. = 112 = 311113/} _81 _17_68

P{0.25<X <125} = O(l—u )du = (u-u /3)_:_025 =06~ 64 = 256
0.25 '

* Insetting up the integral correctly, we got rid of some negative areafrom 1to 1.25. Hence,
the net result is larger

P{X > 0.5}G{X >0}) _P{X > 0.5}
P[X > 0} = P[X > 0}

« P{X >05[X >0} =
1

+ P{X>08} = (J1-Adu=_,
0.5

0.75 1)

—1 1

* Notethat we can deduce P{ X >0} = 1/2 by inspection!

+ P{X>05x >0} =3%=>

« P{X[<0.5} =1-2P{X>0.5} = 7
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e P{8X2-6X +1>0} =7
e 8X2-6X +1=(4X —1)(2X -1)
« 8X2-6X +1>0if and only if both factors are positive or both are negative
« 8X2-6X +1>0if4X —1>0AND 2X —1>0
or if4X —=1<0AND 2X —-1<0
e 4X —1>0if X >0.25while2X —1>0if X >0.5
Thus, 4X —1>0and 2X —1> 0 both hold if and only if X > 0.5

e P{8X2-6X +1>0} =P({X > 0.5 E{X <0.25}) = P{X > 0.5} + P{X < 0.25}

« P{8X2-6X +1>0} =P{X >05} + P{X <0.25} = > + (1-P{X >0.25})

ﬂ) - 215
256’ ~ 256
» Thisishow we usethe basic result: P{a£ X £ b} = AREA under the pdf curve from a

to b to find probabilities.

_5 /1.
_32+(1

* A primer on surviving ECE 313

* NEVER, EVER, remember the integral formulas given by Ross on pp. 192-193

* ALWAYS SKETCH the pdf BEFORE DOING ANYTHING

» Probabilities are given by areas under the pdf curve that you have drawn. Mark the areas that
you need to compute by shading or cross-hatching.

*  Only NOW should you attempt to compute the area. Maybe it will be obvious from the sketch,
maybe simple cal culations based on high-school geometry will suffice, maybe an integral will
have to be computed. But the limits on the integral should be obvious from the SKET CH

* ON EXAMS, NO PARTIAL CREDIT isgivenif you have not sketched the pdf first. If
you believe that you are smart enough to do it all in your head, then you should be confident
enough to solve the problem correctly all the way to the last period.

University of Illinois Probability with Engineering Applications ECE 313
at Urbana-Champaign Fall 1997



Chapter 4 Random Variables 83

FUNCTIONS OF RANDOM VARIABLES
* A random variable X denotes the numerical outcome of arandom experiment
» Asthe experiment is repeated over and over, we observe different values of X
* Wedon't know which value will be observed except in a probabilistic sense
» Let g(u) denote areal-valued function of areal variable u
« Example: g(u) = u2 maps the number u onto its square, so that if u=5, g(u) = 25

» Each timethe experiment is performed, we observe some random number and can apply g(¢) to
this number

» Example: A coinistossed twice and we observe the number of heads, which iseither O or 1
or 2. Weapply g(u) = u? + 1 to the number observed and get 1 or 2 or 5

*  Wethus have anew set of numbersthat we can observe

« Arandom variable X isafunction X: W® A

» Every outcome in the sample space Wis mapped onto area number by the function X

« Therea number assignedtow 1 Wis denoted by X (w)

* Remember that there is nothing random about the function or map X itself. Thisfunctionis
fixed and nonrandom; w is always mapped to the same number. Randomness arises from the
fact that we cannot predict exactly which outcomew 1 Wis going to occur

» If wisthe outcome of the experiment, we observe the number X (w)
* Apply the function g(*) to this number X (w) to get a new number g(X (w))
« We have constructed another function from Wto A

« New function mapsw i Wonto the real number g(X (w))
* g() isaknown fixed function

«  Themapping X: W® A isafixed mapping

« g(X(*)) isafixed mapping from Wto A ; it isalso arandom variable
* LetY denotethisrandom variable

« X:W® A mapswl Wonto thereal number X (w)

 Y:W® A mapswi Wonto the real number
Y (W) = g(X (w))
» For obvious reasons, we write Y = g(X)
* Y issaidto be afunction (the function g(¢), of course!) of the random variable X
* Therangeof Y istheimage under g(¢) of the range of X

» Tofind thevaluetaken on by Y on aparticular tria of the experiment, just apply g() to the
value taken on by X

* Fundamental problem: given g(e) and the CDF (or pmf or pdf) of X, find the CDF (or
pmf or pdf) of Y = g(X)

* Smplest case: X isadiscrete random variable with valuesuy, us, U, ..., Up, ... Where
Up<uy<uz<...<Ux<...

* Then, Y =g(X) isaso adiscrete random variable taking on values

v1=9(ug), vo=9(Up), -, Vn=9g(Up), -
» Caveat: v1,Vy, ..., Vp, ... may not dways beinincreasing order likethey;’s
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» Caveat: Somev;’smay havethe samevaue

« Example: If X takesonvaues—1, 0, 1, then Y = X 2 takes on values +1, 0, +1 respectively
» Finding the pmf of Y from the pmf of X iseasy

o px(y)=P{X =u}

- pv(v)= 4 P x (Up)
irg(y) = vj
*  Sumthe probabilities of al u; such that g(4) = v;
« Example If X takesonvalues—1, 0, +1, then Y = X 2 takes on values +1, 0, +1 respectively
* py(+1)  =px(=1) +px(+1)
py(0)  =px(0)
* CDFscan be obtained, but are messier (as usual)

» If X isacontinuous random variable, Y = g(X) can be a discrete random variable or amixed
random variable or a continuous random variable

» Special Case: X continuous:Y discrete
X istheinput and Y the output of a quantizer

Output’

Input

 Thepmf of Y iseasily obtained from the pdf of X
» Ifall valuesof X intherange (ab) arequantizedto Y =v, then py (v) = P{a< X <b}
= AREA under the pdf curve fy (u) fromatob
i(34)(1-u?), |u| <1,
» Example: X has pdf fy (u) :JT’_

0, elsewhere.
L1, uf —0.5,
gw=1 O, lu| < 0.5,
I+1, us +0.5.
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0.75__lf(W)

-1
1 jo(u
u

»

05| 05

* py(0)=P{[X]|<0.5} :%- py (+1) = P{X 3 0.5} :352

By symmetry, py(-1) =P{X £ 0.5} = 3% also!

e Special Case: X continuous: Y mixed
» Thiscase arises, for example, when X istheinput and Y the output of a saturating amplifier

—

7

e Inthiscasg, it isbest to find the CDF of the mixed random variable

 Example: X has pdf
1(3/4)(1-u?), |u<1,

f(u)=1
to, elsewhere.
1_1’ ut —05,
u)=12u, |ul <0.5,
o) }+1, u3 +0.5.
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0.75__T(Y)

-1 g(u) 1

* Y =g(X) isamixed random variable taking on valuesin the range [-1, +1]
* Fy(v)=0ifv<-landaso, Fy(v)=1ifv3 +1 (Why?)

Fy(-1) =P{X £-05} =>

We canfind Ry (v) for vintherange—1 < v < +1 asfollows:

e Fy(0.5)=P{Y £05} =P{2X £0.5} =P{X £0.25} =1-P{X >025} =1-3L =11

256~ 256
Generaly, for any v, —1<v<1, Fy (V) = P{Y £ v} = P{2X £ v} = P{X £ v/2} = Fy(v/2)
v/2
3
*  Fx(v/2) = AREA under pdf curve fy (u) upto point v/2 = 6(1—u2)du:%+3—§/—\é—2
-1
1 3v v _ 5 1 3v v3 27
. §+§—372—37285V® -1 . §+§—§2—?2$V® +1
Summary:Y = g(X) isamixed random variable taking on values in the range [-1, +1]
~ 0, v < -1,
« F (V)=:'1+ _v? 1£v<1
YW=12%7 8 "3 TEVSLH
I 1 v3i

* Notethe jump-discontinuitiesatv=—-1andv = +1

» Special Case: X continuous:Y continuous

* Howtofind fy (v) from fy (u)?

» Useknowledge of g(¢) and the range of X to find the range of Y, that is, the minimum value a
and maximum value b taken on by Y

« Example: If Y = X2where X takeson valuesin therange (¥ ,¥), then Y takeson valuesin
therange [0,¥)
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g(u)

« Example: If Y =X2whereO<a<X <b, thena?2<Y < b?

bzlg(u)

a
a2 b U

« Example: If Y = X2where
X 1 (ab)witha<0<b,then Y1 [0, max{a?,b?})

g(u)]

a h2 U

* Y hasrange(a, b) or [a,b) or...

* Fy(v)=0fordlv<a
e Fy(v)=1foralv>b
« fy(v)=0fordlvl (a,b)or..
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* Forany vintherange, find Fy (v) in terms of Ry (¢)
» Differentiate to get fy (V)

« Example: Y =X23 0adways
* Letvdenoteanumber3 O
e Fy(V)=P{Y £V} =P{X2£ v}

g(u) = u2
V

—Qv +Qv U

e Fy(V)=P{Y £V} =P{X2£ v}
=P{—/WEX £V}
= Fx (WV) —Fx (<VV)

« SR W) =fy(v)
« SEWM=2 SE (V) =2

*  Weknow that d%FX (u) = fx (u)

* Bythechanrule,

SFv0) = S[FT) — P VD] =) (A = KO I

=fy(v)
« Example: If fy(u) = exp(-pud) forul (=¥¢,¥)thenY 3 0
fx (WV) + fx (V)

* Forve 0,fy(v)=

v
iv=1/2 3
fo (V) = |V eXp(pVv), v3 0,
v(¥) {0, v<O
« Example: fy(u) :{ (1) elsle'v\fhelzjr; 2, Then,1<Y <4
fx (VW) +Hx (V) _ fx (V)
e Foranyv,1<v<4 fy(v)= =
Yy Y( ) ZW Z\KI
i1
T— 1<v<d4,
fy(v) = 2/v
0, elsewhere.
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ity ={ g <3 Then, 0£ Y <9
fx (V) + fx(=/v)
Foranyv,0£v<9fy(v)=
y Y( ) ZW
If 0£ v <1, thenfy(\/v) = fy(=/v) =0.25
ity ={ g <3 Then, 0£ Y <9
BUT, if v 3 1, then =/v £ —1, and hence fy (/v) = 0
1 0.25
OE£v<1l,
W
fY(v)—|0125 1Ev<9
TO elsewhere.

Moral: Mindyour p’sand g'sin doing these problems

Guideto living a moral life: Always begin by sketching the pdf and the function g(e)
Figure out the range of Y

For any v in therange, find Fy (v) in terms of Ry (¢)

Differentiate to get fy (V)
Example: Y =g(X) =aX + bisalinear function of X
P{X £ (v-b)/a}, a>o,
Fy(V):P{Y EV}:P{aX +b£V}: PEX‘? Ev_bg/a% ac< O,
1 Fx ((v—b)/a), a>o0, a,Lb

The general shape of the pdf of Y issimilar to the shape of the pdf of X
If a=1, fy(v) =fx(v-b) isjust the pdf of X shifted right by b
If a=-1, fy(v) = fx(b-Vv) isjust the the pdf of X “flipped over” and then shifted right by b

Ifb=0anda>1,fy(v)= Ialfx8¥0|51ustthepdfofx stretched out aongtheaxis,

and reduced in height (Why?)

For 0 <a< 1, the pdf issqueezed in and raised in height

X isarandom variable with CDF F(u)

F(u) = P{X £ u} isafunction defined for all u, =¥ <u<¥
O£ F(u) £ 1forall u

The statement “F(b) = & meansthat P{X £ b} =a

If P{X £ b} =a then F(b) = a
'y F(u)

al
/
/ b u

v
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* F(u) isanicewell-behaved function of areal variable
*  What if wetake g(u) = F(u)?
» Consider therandomvariableY = F(X). Then,0£Y £1

()

a
/
/ b u

« {Y£aifandonlyif {X £ b}
 P{YE£a =P{X £b} =F(b)=a
e ForalaO<a<l Fy(@=PY£a} =a

'F,(a)

v

1

>
. n@={} 0<a<i,
v@=1o0, elsewhere.
1, O<acx<1,
* fY(a)‘{O, elsewhere.

* Y isauniform random variable on (0,1), or is uniformly distributed on (0,1)

* Anarbitrary random variable can be changed it into a uniform random variable by the
transformation F(X)

* Theinversetransformation is very useful for smulation

*  Wewishto simulate the values of arandom variable X with CDF F(u)

* Wehave available a“random number generator” whose output is a uniform random variable Y
on (0,1)

* Weknowthat Y = F(X)

« Theinversetransformation gives X = F~1(Y)

« Tosimulate X with specified CDF F(u), apply the function F~1(+) to the output of arandom
number generator

* Example: Wewishtosimulate X with CDF

1 — exp(-u), u>o,

Fw = { 5~ P

ut o .
e If F(*) mapsaontob,i.e, b=1-exp(-a), then exp(—a) = 1 —b and hence, a=—-In(1-Db)
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e X =-n(1-Y)whereY isauniform random variable on (0,1), e.g. the output of arandom
number generator, has CDF and pdf given by

Fo={o 7" wso” f={g" i£0

« Example: Wewishtosmulate X with CDF F(u) :% + ;arctan(u), —¥ <u<¥
L P

p(1+u?)’

«  F(b) = tan(p(b-0.5))

« X =FY)=tan(p(Y-0.5))

« X =tan(p(Y-0.5)) where Y isauniform random variable on (0,1), e.g. the output of a
random number generator

* Y-0.5isuniformon (-0.5,0.5)

and pdf -¥ <u<¥

* p(Y-0.5) isuniformon (?, g)

» Simulation of discrete random variables based on random number generator
i X:U]_if0<Y<p1

* X =wifp <Y <py+p;

X =uzif pp+pa <Y < p1+potps3
etc
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Expectation: Mean and Variance
* A random variable X denotes the numerical outcome of arandom experiment
* Asthe experiment is repeated over and over, we observe different values of X
*  We cannot be certain which value will be observed on any particular tria
* What isthe average of al the values of X that we observe?
» Suppose X had valuex; onthei-thtrial, LEi £ N

+ X, + + ...+
* Average of theobservationsle X2 Xl?\’l XN
* Onanother set of N trials, X might havevauesy;, 1 £ £ N and their average
+y,+ ...+ . + Xo + ...+
=1t Y2 N YN mlghtnotbeexactlythesameasx1 X2 N XN

» For large N, such averages are nearly equal, though not necessarily identical, in value

» For large numbers of trias, we can be pretty certain about what happened in an average sense
even though we cannot be sure about what happened on specific trials

» Supposethat X isadiscrete random variable taking on values uy, uo, ... ,u, with probabilities

P1, P2, -+ ,Pn
« Fork=1,2,...n,theevent {X =uy} occursroughly Npy timeson N trias (N large)

* Remember that X had value x; onthei-thtrial, LEi £ N

* Approximately Np, of the x;’s have value u;, Np, of the x;’s have value uy, Np3 of the x;’s
have value ug, etc. (N large)

* Average of the observations
X1+ Xo+ Xg+ ... + X Npjui+ Npouo+ ... + Nppu
=~ =2 ﬁ, N L 2 2N = palgt palipt ..+ Prbin

* Averageisapproximately thisvalue (for large N)
* Themean, or the average,or the average value, or the expected value, or the expectation of a

random variable X is denoted by E[X]. Other notation often used: EX or mor my or X
» If X isadiscrete random variable with probability mass function (pmf) py (u), that is,

px () = P{X =}, then E[X] = § piu; = § uipx (W)
i i
* Some well-known expectations

* A binomia random variable with parameters (n,p) has mean np

* A geometric random variable with parameter p has meané

* A Poisson random variable with parameter | has mean|

¥
* If X isacontinuous random variable with pdf fy (u), then E[X] = cyfy (u)du
¥

* Thisisjust the continuous version of the sum é uipx (Uj)
i

* Theevent{af X £ a+d} hasprobability » fy(a)" d
* Thisevent occurs» Nfy (a)" d timeson N trias
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» Event contributes » aNfy (a)" d to the “ sum in the numerator”
» There are multiple contributions to sum of the form (a+id)Nfy (a+id)” d

«  E[X]» N1Q (a+id)Nfy (a+id) d
|

e Limit of sumistheintegra E[X] = (‘yfx(u)du

!
*  Uniform random variable has pdf fy (u) = }Fa a<u<b
10, elsewhere

b
« E[X]= (‘yfx(u)du— Gjad u=

W ib_1b’-a2 b+a
—ai,” 2 b-a 2

NI

*  Exponentia random variable with parameter | has pdf

_ il exp(H u), u3 o,
b =[P T
¥ ¥
. EX]= fx(Wdu= Qi exp( ydu="1
¥ 0 '
¥ ¥ 0

e E[X]= Glfx(u)du or a uipx (Uj) = Glfx(u)du + élfx(u)du A+BwhereA3 0andBE£O

At Ieast oneof A and B must beflnlte
¥

* A= gfx(udu e B= (‘yfx(u)du
0 -¥

* Both A, Bfinitep E[X] finite
« A=¥ Bfinitep E[X]=¥

« Afinite B=—¥ b E[X] ==
o IfA=¥ andB =—¥, E[X] does not exist, or is undefined
1

» Example: A Cauchy random variable has pdf f(u) —71—2, —¥ <u<¥
¥y 0 ¥
A =04 du——|n1+2' =¥ = ¢ = =¥
8 1+u? (ru ) o 8 1+u? 6 1+v2
0 ¥ 0

» Expectation = center of mass
* A point mass m at distance r from the origin has “moment about the origin” =m’ r

«  Total moment for set of point masses m; at distancesrj fromthe originis § mir;
i
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« Center of massisatr wherer’ 3 mj=g§ mir;
i i

 Total mass=g m; = limpliesthatr= § mjr
[ i
» A discrete random variable X has pmf consisting of probability masses p; at u;

E[X] = & pju; = location of center of masssince § pj = 1
i i
 For acontinuous random variable, the probability massP{a£ X £ a+ d} » fyx (&) d has
moment » afy (a)" d
¥
* Inthelimit, we get theintegral E[X] = yfx (u)du = location of center of mass

¥

* A body is perfectly balanced about its center of mass

» There must be probability mass both to the left and to the right of E[X ]

» If arandom variable takes on valuesin the range (a,b) only, thena< E[X] <b

» If the pmf or pdf is symmetric about a point, then that point is usually the center of mass, i.e.
E[X] = point of symmetry

* However, the mass cannot be too spread out; el se the moment is of theform ¥ —¥ and E[X]]

isundefined. An example of thisisthe Cauchy density which is symmetric about u = 0, but its
expectation cannot be defined because the moment about the origin is of theform ¥ —¥.

» The expectation of arandom variable is a number that summarizes the location of the
probability mass on thereal line

« Although E[X] isthe average value of X, there may not beany w1 Wthat is mapped onto
E[X], that is, it may well bethat X (W) * E[X] foranywl W

» E[X] need not be one of the possible values of X

» There need not be any mass at, or in the vicinity of the center of mass

*  Whereisthe center of mass of adoughnut?

 Example: If X takeson vaues0 and 1 with equal probability, itsmeanis1/2, but X * 1/2
on any tria

» Expectation asfair price

* Suppose that you win $X each timeyou play agame of chance

* Your average winnings per game are E[X ]

* E[X]isafair priceto pay to play thisgame

« Example: Let $X bethe amount you winin alottery. P{X = 1,000,000} = 10~
P{X =0} =1-1075. Then, E[X] =1 and afair pricefor alottery ticket is $1

* Morethan fair priceis charged to cover overhead

* E[X] summarizesthe location of the probability mass on theredl line

»  Other measures of location include the median and themode

* Median = number u such that F(u) = 1/2

e IfF(u)=12fordlul (ab), median= (atb)/2
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« If F(u)! 1/2for any u, then for somea, F(a~) < 1/2and F(a™) = F(a) > 1/2;
median =a
» Attimes, the median isaso called the average
* Medians are used when there are many “outliers’ whose value affects the mean significantly
* “Average’ sdaries, income, wages etc are usually the median rather than the mean
* Median of Cauchy random variableis O; its mean is undefined
* Mode of arandom variable is the location of the maximum of the pmf or pdf
* Maximum may not be unique; hence mode may not be uniquely defined
* Modeis most likely value of the random variable
» Theaverage American has had two years of college: here average means mode?
» Theaverage American earns $17,000 per year: here average means median?
* Theaverage Americanis’5' 10" tall: here average means expected value?
¥
« E[Y]= 4vipy(v)or yfy(V)av
' -¥

J
* If Y =g(X), then we can calculate py from py or fy (whichever is appropriate) or fy from fy
and then use these formulasto find E[Y]

»  Computing the pmf or pdf of Y first and then finding E[Y] istoo much work (and prone to
calculation errorstoo!)

» ltisfar, far, better to use amagical result known as the Law of the Unconscious Satistician
which has the wonderful acronym LOTUS

e LOTUS: IfY =g(X), then E[Y] can be computed directly from the pmf or pdf of X:

E[Y]= é. Vipy (vj) = é_ 9(ui)pPx (W) or  E[Y]= Cyfv (V)dv = @l(u)fx (u)du

« LOTUS says that if Y = g(X), then we can compute E[Y] without flndlng py or fy first

* LOTUSguaranteesthat finding E[Y] as é 9(u;)px (u;) yields the same result asfirst finding
i
py and then finding E[Y] viad v;py (v;)
i
* Formal proof of LOTUS s given in the textbook

* Heuristic justification: If X takesonvaluesxq, X, X3 ...aswe repeat the experiment,
thenY = g(X) takes on values g(x1), 9(X»), 9(X3), ... aswe repeat the experiment

* Y =9g(X) takeson values g(x1), 9(X2), 9(x3), ... aswe repesat the experiment
9(xy) +9(x2) * ... + g(xn)
N

 Theaveragevalueof Y =g(X) is
» Consider alarge number of trials
e PlaEX £a+d} »fy(a)d
» Approximately Nfy (a)" d termsin numerator are » g(a)
» Event contributes » g(a)Nfy (a)d to the numerator
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Multiple contributions to sum of the form g(a+id)Nfy (a+id)d

E[Y] » N8 ga+id)Nfy (a+id)’ d
|

¥
Limit=E[Y] = g(u)fx(u)du
¥

Proof for discrete caseis similar
LOTUS: If Y = g(X), then E[Y] can be computed without first finding py or fy:

¥
E[Y] = § a(u)px (u) or E[Y] = ¢§(u)fx(u)du
i ¥

Applications of LOTUS:

IfY = g(X) = a, (aconstant), E[Y] =& g(u)px(u) =2 apx(u)=a

¥ ¥
Ela] = @fx(Wdu=a ¢jx(uydu=a
—¥ ¥

Expectation (i.e. expected value or average value) of a constant isthe constant itself
Expectation isalinear operation: the expectation of a sum isthe sum of the expectations

If Y =g(X) =ag;(X) + bgy(X), then

¥ ¥

ElY] = @Uix(wdu= @agy(u) + bgy(u)}fx (u)du=aE[g;(X)] + bE[gy(X)]
¥ ¥

E[aX] =aE[X] *E[X +a]=E[X] +a
If E(X] =mthenE[X —n] =0

E[X —m = & (uj=m)px (uj) = moment about mean
i

E[a aX'] =& aE[X]
i i

Thevariance of arandom variable X iss2 = E[(X —m)?] wherem= E[X]
¥

s2=8 (u—m?px (u) or Fu-m>2x(u)du ® 0
i ¥

If s2=0, all the probability massisat m the center of mass, and we have a degenerate random
variable (a.k.a. a constant) that always takes on value monly!
s2 isthe moment of inertia about the center of massm

s = standard deviation of X
The variance of X isameasure of the “ spread” of the probability mass about the mean
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* Thelarger the variance, the greater the spread
e s2=E[(X—m)? = E[X 22X m+nf] = E[X 9] —E[2X n] + n? = E[X 2] — 2nE[X] + n?
=E[X? —n?
e S2=EX(X -1]+m-n?
« Theseare convenient tricksfor calculating s2
b

« Example: X uniformon (a,b). Usings2= (ju~(a+b)/2)%(b-a)~1du is messy
a

b

« E[X? = @¥b-a)du —??(3;)‘_""; givings2=E[X?] —n? = (big)z
a
 Example: X isPoisson with parameterl . E[X] =1
¥ ¥ | k=2
e EX(X -1)]= & k(k— 1)e" =12 (k—2)' =12
k=0

o« SZ=E[X(X =1]+I —12=]

« (m s?) of therich and famous
* A binomia random variable with parameters (n,p) has mean np and variance np(1-p) = npq

* A geometric random variable with parameter p has mean é and variance =" 02 p = 32
» A Poisson random variable with parameter | has mean| and variancel
* A random variable uniformly distributed on (a,b) has mean a%b = midpoint of interval, and
. (b-a)? _ length?
variance= 5" = 15

* Exponential and gamma random variables

* X issaidto be an exponentia random variable with parameter | if itspdf is

_ il exp(H u), us3 0,
W=, u<o.

e X has meanl1 and variance|12

o X isagammarandom variable with parameters (t,1 ); t >0, | >0, if itspdf is
1I exp(H u)(I u)tt

3
. f(U)= a uso,
To u<o.
¥
e  Qt) = gammafunction = (‘}t—lexp(—x)dx = (t-1)Jt-1) = (t-1)(t-2)3t—2) and so on
0
. @=1 + Q) = (-1)! -ad=\lp
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‘ —+

e t=order parameter, | = scale parameter -Mean:It * Variance=

| =1
1
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* Gammarandom variable with parameters (1, | ) is an exponential random variable with

parameter |

» Gammarandom variables arise in the study of “waiting times’ for occurrences of random
events
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The Poisson random process
Consider the occurrences of “random points’ in time
telephone off-hook signals
jobs arriving at processor
packets arriving at arouter
alpha particle emissions
cars passing a checkpoint
Each “point” occurs at some specific time instant

v

Over along timeinterval, we observe an “arrival rate” of mpoints per second

Average timeinterval between successive pointsis approximately 1/mseconds
At each timeinstant t, at most one point can occur

For small Dt, P{one point in (t,t+Dt]} = nDt and P{no point in (t,t+Dt]} = 1-nDt

These are approximations that improve as Dt ® 0; they are nonsense for Dt > 1/m

If t] <ty £ t3<ty, thenevents A = {m pointsin (t1,t5]} and B = {n pointsin (t3,t4]}

are independent events

Occurrences of pointsin digoint (i.e. non-overlapping) intervals are independent events;
memoryless property

We observe processfort >0

Po(t) = P{ no points have occurred upto time t} = P{no pointsin (O,t]}

Po(0) = P{no pointsin (0,0]} = P{no pointsin g} =1 (not 0)

Set up and solve differential equation for Py(t)

Po(t+Dt) = P{no points have occurred upto time t+Dt} = P(ACB) where

A ={no pointsupto timet}; B ={no points during (t,t+Dt]}
|e 0 >le—0_—»|
0 t t+Dt

Po(t+Dt) = P(ACB) = P(A)P(B) since the intervals (0,t] and (t,t+Dt] are digoint
= Po(t)(1-nDt)
Po(t+Dt) — Po(t) _ dPo(t) _

- =—Py(t) gt = —Po(d); Po(0) =1

Solution to this differential equation is Pg(t) = exp(—nt)

The probability that no points occur at all during the interval (0,t] should get smaller and
smaller ast increases

Po(Dt) = P{no point in small interval (0,Dt]} = exp(—Dt) =1 4Dt + (mDt)2/2! — ...
» 1 —Dt for small Dt

Thistoo is consistent with our assumptions
X 1 = time of occurrence of thefirst point (after t = 0)
Event {X 1 > u} occursiff no points occur during (O,u]
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e Foru® O,P{Xq{>u} =1- Fxl(u) = Pp(u) = exp(—mu)

o Fx 1(u) =1—exp(—u) forus 0

* X =timeof occurrence of thefirst random point

» Xisan exponential random variable with parameter m

» E[X4] = averagewaiting time till the occurrence of the first point = nrl

» Thisisconsistent with our assumption that the average timeinterval between pointsis 1/m
seconds

* Let B (t) = P{exactly k pointsininterval (0,t]}

*  Py(0) = P{k pointsin (0,0]} = P{k pointsing} =0fork >0

» Set up and solve differential equation for Py(t)

» Differential equation involves P_(t)

* Py (t+Dt) = P{exactly k points have occurred upto time t+Dt}

o : 0|,
0' t t+|5t
! = o1,
0 t t+Dt

* Py((t+Dt) = P(AB)+P(CD) where A = {k pointsupto timet}; B = {no points during (t,t+Dt]}
C ={k-1 pointsupto timet}; D ={1 point during (t,t+Dt]}
*  Py(t+Dt) = P(AB)+P(CD) = P, (t)(11Dt) + P, _4(t)nDt

W = P (t)+Py_1(t)

Dt
d
© gitk(® =P (0) + Py (0); P(0) =0
» Solvefor Py(t), then for Py(t), and so on ... till we find Py (t)
d

© P = Py(t) + mPo(t) = P4 (t) + mexp(—)
* LaPlacetransform solution

. %[Pk(t) = P (t) + NP, _1(1); P(0) =0

SE(PL(D} = ~E( PO} £ Pica(}]
© EPUO) = B[P ())

. __m —_e M & —e& M & —
E{ P (1)} <+ mf{ Pra(t)} & + WBE{ Pr—o(t)} & + an;E{ Pra(t)} = ...

& M Gerpn)

& +
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i _ 1
(s + mkd because £{ Py(t)} = £{ exp(-nt)} Tt m

P} = ™ Kerpy(t) =
{Pc(®)} = 85 g {Po(D)} =
P (t) = exp(—m)% fort3 O
For k = 0, this gives Py(t) (if you remember that O! = 1!)

For k > 0, P, (0) = O; Py(t) issmall for small t, increasesto amaximum at t = k/m and then
decaysaway to 0

k points can be expected to occur in roughly k/mseconds,

Py (t) ismaximum at t = k/m

For t << k/m far fewer than k points should have occurred P Py (t) issmall for t small

For t >> k/m many more than k points should occur b P (t) ® Oast® ¥

X k+1 = time of occurrence of the (k+1)th point

Event {X +1 > u} occursiff no more than k points occur during the time interval (O,u], i.e.
either Oor 1 or 2 or ... or k points occur during (O,u]

Forus O, 1—ka (u) = P{ X k4+1 > u} = P{£ k points} = Pg(u) + P1(u) + ... P(u)

K

_exp(m)el N ( ) (rrlz) l
K~
st ==L ~ ey O] =guepimigts 1+

To the tune of

“This old man, he played one”
Vee-dee-you (plus) you-dee-vee

That's the “deg”’ of you-times-vee
Remember, when the product rule you do,
DON'T you say dee-vee dee-you!

d m mu)Ky
Foru?s O, ka+1(u) duexp(—rru)el+g+ +( kl)

i
Verify that the terms cancel out to leave just the single one shown above

()"

k
0= rrexp(—rm)(rrkl;)

3
Foru3 O, ka+1(u)

X k+1 = time of occurrence of the (k+1)-th random point is agamma random variable with
parameters (k+1,m

E[X ] = averagewaiting timetill the occurrence of the k-th point = K

m
Thisis consistent with our assumption that the average time interval between pointsis 1/m
Consider afixed timeinterva (0,T]

The number of random points occurring in thistimeinterval is adiscrete random variable Y
takingonvaluesO, 1, 2, ...

What is py (k), the pmf of Y ?

University of Illinois Probability with Engineering Applications ECE 313
at Urbana-Champaign Fall 1997



Chapter 4 Random Variables 102

« py(k)=P{Y =k} =P{exactly k pointsin (0, T]} = Py(T) = exp(—mT)%

» For any fixed interval (0,T], Y isaPoisson random variable with parameter | = nT
e E[Y]=I =nil =arivd rate’ T

*  Thenumber of pointsin (t1,t5] isaPoisson random variable Y 1 with parameter n{to—t;)

o Ifty<thEt3<ty and YqandY zarethe numbersof pointsin (t1,t] and (tg,t4], then these are
independent Poisson RV

m | n

e Foralm,n,P{Y;=m,Yg=n} =P{Y;=m}P{Y3=n} =exp(- 1)ﬁ1| " expH 3)
Here, | 1 = mtyty), | 3= ntyt3)

*  Genegrdizesto multiple digoint timeintervals also

e Summary: Poisson process

» Pointsoccur at random times

* mpoints occur each second on average, and the average interval between successive pointsis
Im

» Onaverage, Nl points occur inany T second interval

» Actual number of pointsin T seconds is a Poisson random variable with parameter mir

* Numbers of pointsindigoint timeintervasof lengths T4, T», ... are independent Poisson
random variables with parameters mr{, N, ...

» P{onepoint occursin asmall interval of length Dt} » nDt

*  Pu(T) =P{exactly k pointsinaT second interval} = P{Y =k} = exp(—mT)u

» X =timeof occurrence of the k-th point
* Xk isagammarandom variable with parameters (k,n)
« Xjisanexponentia random variable with parameter m

* X+ — Xjisagammarandom variable with parameters (k,m
* Gaussian Random Variables

« Xiscdled aGaussian(or normal) random variable with mean mand variance s2 if its pdf is

givenby f(u) =——=— expe— %ga rrbuforallu ¥ <u<¥
s\/ s g

« Notation: X isN(ms?)
* Themean and variance of a Gaussian random variable specify its pdf completely

5\/_

« 1fX isN(3,25), its pdf isf(u) = expe— 2aLo ufor dlu ¥ <u<¥

« aexp(-bu?+gu+d) is Gaussian
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— ma
o f(u)= expg— Zaél nb U
S‘\' % S ﬂ U
« Read for yoursdlf the proof that thisisavalid pdf and that E[X] = m var(X) = s2
e pdf issymmetric about u=mthatis, f(mta) = f(m-a) P median=m
W)= —ews 22 my E
S\/ s

¢ (wHM?3 0and hence exp[*] has maximum vauelat u=m

e f(M= L isthe maximum value of the pdf P mode =m
s\ 2p

* Mean=median=mode=m
* Thepdf of X is“the familiar bell-shaped curve”’

Gaussian pdfs

0.6 0
u

0.5+ N(O,1/¢R)) -

0.4 | u i

031 NOD)

0.2 | —

0.1}

« var(X) = s?isameasure of the spread of the distribution
* Thelarger the variance, the more widely dispersed the mass

* Almost al of the probability massliesinside theinterval (m-3s, m+3s)

« ALWAY Swrite the Gaussian pdf asf(u) = expe_ %gz' fTbLAJ
S'\’ S
. NEVER EVERwriteitss f(i)= L expl- 128 =~ M0

eXIOe—
‘\’2ps 28 S gu
* Avoid creeping radicalism

* Gaussian random variables arise “normally” in studies of avery wide variety of natural
phenomena

» The net effect produced by avery large number of small causes has a Gaussian distribution
* Centra limit theorem
* Examples: Random motion of electrons in a conductor creates fluctuating noise voltages
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Small charge on electron b small effect on the potential difference
There are alarge number of electrons

Model of noise voltage as a Gaussian random variable allows for the possibility of arbitrarily
large voltages (but these have very small probability)

Kinetic theory of gases. the velocities of molecules are modeled as Gaussian random variables

SAT and GRE scores are modeled as N(500,1002) Gaussian random variables (scores > 800
or < 200 are set to 800 and 200 respectively

Measurement errors in experiments are modeled as Gaussian random variables. normal law of
errors

Henri Poincare”: Everybody believesin the normal law of errors: the physicists because they
beievethat it isamathematical theorem, and the mathematicians because they believe that it is
an experimentally observed fact

AnN(0,1) random variableis called a standard or unit Gaussian random variable: itspdf is

1 4 1 o .
f(u) = == expS Sudd Its CDF is denoted by F (u)
\ ,2p e 270

F (u) = areaunder pdf curvef to theleft of point u cannot be expressed in terms of smple
functions

Values of F (u) are tabulated
Many scientific calculators have built-in routinesto calculate F (u). Find out if yours can

caculate F (u)
DO NOT attempt to integrate as follows:

1 e Loug,- 1
expé—zuE’dU—

6
8 \p \apu

The CDF of any N(ms?2) random variable can be expressed in terms of F (u)

F(u)=

e 1 N L.
expS— 5u?Y  Thisis sheer nonsense!
e 270

The normalized distance of any point t on the real line from the mean mis defined as (t-m)/s
= distance from mean in units of the standard deviation s
t

1
5s\V2p € % s

, . 2
F(t) = areaunder pdf curve f(u) to the left of t = 8 expg— 1o ”13 L;Ljplu
~ au
¥

Put (\HM/s =v, du/s = dv u=—¥pb v=—¥ u=thb v=(_t-m/s
(t-m)/s
_ 6.1 19

Ft)= O——=— exp| - suc]du

0 87 o[-

If X isN(ms?), then its CDF is given by F(u) = F35;”9

&s 5

Note that the argument of F isjust the normalized distance of u fromm
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« Thevalues of the CDF F(u) of aN(ms?2) random variable can be found from tables of F (u)
using F(u) = F ((u—=m/s)
«  Probability calculations for any N(ms?) random variable can be done using the tables for F (u)

« Example: TheN(500,1002) random variable X denotes the SAT score of arandomly chosen
high-school student

P{X <650} = F((650-500)/100) = F (1.5) = 0.9332
P{X >700} =1-F(2)=0.0228

P{X <400} = F(~1) = ??

P{X <400} = F(~1) = ??

e TablesforF (*) list valuesfor positive arguments only

N

F(u)=1-F(u)
P{X <400} =F(-1)=1-F(1)
e P[400<X <600} =F(1)-F(-1)=F@Q)-[1-F@Q)]=2F() -1
e FO)=? F(O=
» Hence 2F (1) >1andthus2F(1)-1>0
» Bewareof miscaculationsleadingto 2F (1) —1<0
e Q(u) =1-F(u) = complementary CDF of N(0,1) random variable

¥ ¥
= @(t)dtzgi exp&- %tzgdt decreasesfrom 1 at u=—¥ to 0 at u = +¥
u o\V2p ¢
u

e Foru>0, (ul-u3d)f () <Qu)<ulf(u)
This bound is not useful for small values of u, but is very tight for large values of u

« Foru3 0, Q(u) £ 0.5exp(-u?/2)
Thisbound is useful for small values of u but islooser than the one above for large u

«  For any random variable X with mean mand variances?, let Y = (X —m)/s

* E[Y]=E[(X-m/s]=0

e E[Y?Z = E[((X-m/s)?] sE[(X-m? =s2s2=1sothat var(Y) =1
« If X isN(ms?), thenY = (X—m)/s isN(0,1)
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o P{Y <v} =P{(X—)/s <v} =P{X <m+vs} =F(m+vs)

+ — .
=F W: F (v) = CDF of aN(0,1) random variable
S 4]
* Moregeneradly, any linear transformation on a Gaussian random variable yields a Gaussian
random variable
» Thisistrue even when many Gaussian random variables are involved: linear transformations of
Gaussian random variables yield Gaussian random variables

e LetY=aX +b

v—b ..
e — N0 —am-bA
PY <v} =P{aX +b<v} =P[X <(v-b)/a} =Fg >~ ngg 0
&S g

« If X isN(ms?), then Y = aX +bis N(am+b,a%s?)

«  For any random variable X with mean mand variances?, Y = aX +b has mean
E[Y] = E[aX +b] = amt+b and var(Y) = E[(Y—am-b)?] = E[(aX +b-am-b)?]
= &2E[(X—m)?] = &?s?

» For the special casewhen X is Gaussian, Y = aX +b is Gaussian too

* Tofind the pdf of a Gaussian random variable, we need only find its mean and variance and
then we can just write down the pdf

e E[Y]=E[aX+b] =amtb var(Y) = var(aX +b) = a?var(X ) are genera results that hold for any
random variable

* Forthecasewhen X isGaussian, soisY and these calculations suffice to tell us the pdf of Y
too

« XisN(1)andY =X?2
e Y takesonvaues3 0only
« Foranyv3 0, Fy(vV)=P{Y <v} =P{X2 <v} = P{/lv< X <AV} = FO/V)-F (V)

- A=t

. fy(v)= 2\1/9[1‘ W)+ (V)] = \/1T/f W) = ;Lexp(—v/2) = gammapdf t= 1/2, | = 1/2
pv

A k.a. chi-squared (c2) pdf with one degree of freedom

«  Gamma(n/2, 1/2) isac? pdf with n degrees of freedom

* Hazard rates

e Systemisput into operation at timet = 0 and fails at some later time X

» Thetimeto failure or thelifetimeof the system is modeled as a continuous
randomvariable X >0

e X>0P Fu=0foruego

e fluy® Oasu® ¥

* Regardless of how the pdf f(u) behaves (increases, or decreases, or oscillates) for small values
of u, it ultimately must decay away to O

» For any ug such that f(up) > 0, we can find an u; > ug such that f(up) > f(u) for all us uy
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* P{systemfalsbetweentime t=uandt=u+d} = P{lu< X £ u+d} » f(u) d® 0O
asu® ¥

* Supposeug = 21, u; =80

» P{21< X £ 21+d} islarger than P{80 <X £ 80+d} and P{81 < X £ 81+d} and ...?

» Thisresult seems contrary to experience

* Experience indicates that older (more worn out) systems have a greater chance of failing than
newer ones

» But the math saysthat your chances of dying in the next 24 hours are much greater today than
when you will be 80 years old!

*  What isthe explanation? * “You should live so long”
» P{dying within next 24 hours} is of interest only to those alive right now
* P{u< X £ utd} islessinteresting than the conditional probability

P{u< X £ u+d | X > u} _P({U<xi{u; g}u(};{x > u})

_P{lu<XEu+td fud
P(X >u} “1-F(u)
* Thehazard rate function h(u), also called the failure rate function, of X isgiven by

W= 1Py

» P{system fails within the next d seconds given that it isworking at timet = u} » h(u)" d
e Plu<X £u+d|X >u} » h(u)" d
* Giventhe CDF or the pdf of X, itiseasy to find the hazard rate function

*  Find the complementary CDF from the pdf, or the pdf from the CDF, and set h(u) = 1 f(l;)(u)

2 .
« Example: The pdf of X |sf(u)—£2 pgezuzgforu>0
S°o
¥

«  For any number t > 0, 1 — F(t) = areaunder pdf to theright of t = O f(u)du
t

¥

. 1—F(t):8£2exp— 2Qdu:—ex 20' =exp t29 Hence,h(u):%foru>0
s 5 825 g t 825 s

t

» X iscdled aRayleigh random variable. Itshazard rate increases linearly with age

e E[X] :S\/p_/Z « E[X 2] = 252

* Theamplitude of the thermal noise at the output of a narrowband filter is usually modeled asa
Rayleigh random variable

 Example: X haspdf f(u) =1 exp(H u) foru>0

¥
o 1-F1)= Q! exp(H u)du=exp( t) . h(u)=1 foralu>0
t
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» Congtant hazard rate means the system does not wear out
»  Semiconductor devices seem to have constant hazard rates
» Giventhe pdf or CDF, it iseasy to find the hazard rate

» Thehazard rate also uniquely specifies the pdf and CDF

. h(u):lf(‘;)(u)foram u>0

* Integrals should be equal too!
t t

- t
+ For any real number t, Q h(udu= § 1B du=—na-FW);  =-In(-F(v)
0 0 B [0

sinceF(0) =0
C 6
* F(t) = 1-expg- O h(u)du=for t >0
(SH0] (%]
» Atypicd hazard rate function

4

. Semiconductor devices are still in the flat part of the curve
. High-reliability applications require a burn-in period to weed out the lemons
» Contrary to popular belief, hazard rate functions are NOT pdfs and they are NOT the
probability of anything
» P{system fails within the next d seconds given that it isworking at timet = u} » h(u)" d
e Must multiply by d to get a probability
* Areaunder pdf curve=1
* Areaunder hazard rate curveisinfinite
t

o) 0
«  F(t) = 1-expg— O h(u)du=for t >0
€ o o

¥
« F(¥)=1andthus Q) h(u)du =¥
0

* If X4 and X, respectively have hazard rates hy(u) and hy(u) where hy(u) < hy(u) for al u, then
E[X 4] > E[X]
» Forany t, thereis more areafrom O upto t under h, than under hy. Why? h4(u) < hy(u)
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& \t 0 .
1-Fi(t) = expg— O hj(u)du+ i = 1,2
eo

4]
hy<h,P 1—-F4(t)>1—-Fy(t)foralt>0
¥
But, E[X{]= O 1 — F(t) dt. Hence, E[X 1] > E[X 5]
0

CONDITIONAL DISTRIBUTIONS
Let A be an event of nonzero probability

P{X £u} CA)
P(A)

The conditional CDF of X given A is Fy a(ulA) = P({X £ u}|A) =

A conditional CDF has al the usua properties of CDFs

The unconditional CDF can be found by combining the conditional CDFs using the theorem of
total probability

P{X £ u} = P{X £ ulA)P(A) + P{X £ UJA9P(A9

Fx (U) = Fx a(UIA)P(A) + Fx jac(u|A9P(A9)

The conditional pdf of X given A isthe derivative of the conditional CDF
d

fx ja(ulA) = g FxjaulA)

fx (U) = fx A (UA)P(A) + fx jac(u|A9P(A9)

If X isadiscrete random variable, then the above applies to conditional pmfs

Px (U) = P A (UIA)P(A) + p Jac(UJAYP(AY)

Example: P(A) = P(A% = 1/2. The conditional pdf of X given A isN(+1, 1) while the
conditional pdf of X given ACisN(0, 1)

S A

fxjaulA) =f(u-1) fx jac(UlA9) = T (u)
f(u=—1)+ f(u)
2

The unconditional pdf isfy (u) =

X isnot a Gaussian random variable

Its unconditional pdf has two bumps at 0 and 1 respectively

However, the conditional pdf of X is Gaussian when A occurs as well as when A¢ occurs
X isaconditionally Gaussian random variable

Example: X isthereceiver output in aradar system. If thetarget is absent, X isan N(0, 1)
random variable. If thetarget is present, an echo of amplitude Sisalso present and X isan
N(S, 1) random variable

We have two hypotheses
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* Hg=target absent

e Hj =target present

+ Conditioned on Hp, X isan N(0, 1) random variable
Conditioned on H1, X isan N(S, 1) random variable

* Notation:

fx |H0(U|Ho) is denoted by fp(u): fo(u) = iexp(—u2/2) =f(u)

\2p

fx |H1(u|H 1) isdenoted by fy(u): fq(u) = iexp(—(u—S)2/2) =f(u-9)
\ap

« HgX=N X isN(0, 1)
Hi: X =S+ N X isN(S, 1) whereN isN(0, 1)
Reality check: Linear function of Gaussian is Gaussian with E[S+N] =S+ E[N] = Sand
var(S+N)=var(N)=1

* Theradar system has no ideawhich of the two hypothesesistrue. If the receiver output X has
taken on value 2.3678, is atarget present or not?

* Thisisadatistical decision problem or a hypothesis testing problem

*  Maximum-likelihood decision rule

» Choose the hypothesis that maximizes the probability of the observation

+ But, since X iscontinuous, P({ X = 2.3678} |H;) = 0 both for i =0 and for i = 1, so theruleis
of no help!

» X =2.3678 often meansthat X has value between 2.36775 and 2.36785

* Moregenerdly, if we observe X = u, we can compare

P{u-d < X <u+d}|Hg) and P{u—d < X < u+d}|H;) inthelimitasd® 0
« If Hgisthetrue hypothesis, i.e. no target is present, P({2.36775 < X < 2.36785} |H()
» fp(2.3678)" 0.0001

+ If Hy isthetrue hypothesis, i.e. atarget is present, P({2.36775 < X < 2.36785} |H)
» £1(2.3678)" 0.0001
» Todetermine which probability islarger, we can just compare the values of f(2.3678) and
f1(2.3678)
« Maximum-likelihood decision rule: If X hastaken on value u, then choose Hy or Hq
according asfp(u) or f;(u) islarger
» Thelikelihood ratio isdefined to beL = fau)
fo(u)
2 h
f1(u) _ exp(Hu-5)%/2) 5 >
L= = = exp(=S4/2+uS 1?
foW) ~  exp(—?/2) A ) <

Ho
L >1if-S%2+uS>0b u>S/2
L <1if -S%2+uS<0b u<S/2
e Wethus have athreshold test
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* Itisnot necessary to actually compute L ; we can ssimply compare the observation to athreshold
of S$/2 and decide

» Comparethe receiver output X to S/2. If output issmaller than S/2, declare that thereis no
target present (i.e. choose hypothesis Hp) while if the output is larger than §/2, declare that
thereis atarget present, (i.e. choose hypothesisH;)

» Sketch f;(u) and fp(u) on same axes

fo(u) fq(u)

0 S/2 S u
* One pdf cannot dominate another
.« Go={u:fo(u)>fy(u)}
o Gy ={u:fy(u)>fo(u)}
» If X hastakenonvaluea, decidein favor of Hyifa | Gyandinfavorof Hyif al G
* Inour radar example, G = (—¥, 52); G =(52, ¥)

fo(u) f1(u)

»
-

0 S/2 S u
B G— G —
» Error probabilities: Pep = P(false darm), P(missed detection) = Py p
+ A faseaarmoccurswhen HgistruebutX T G

»  When Hg istrue, the conditional pdf of X isfg(u). Pea =P{X T Gj|Hg} = Of o(u)du
TG

u il

+ Detectionismissed when Hy istruebutX T G,
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«  When Hy istrue, the conditional pdf of X isfy(u). Pyp=P{X T G|H} = Of (u)du
ul G,

» For our radar example,

fo(u) fq(u)

Pmbp Pra

O S/2 S u

*  Ppa = Pyp (by symmetry!) = S/(2‘)f (U)du = Q(S/2)

» If the observed value is compared to an arbitrarily chosen threshold g (instead of S/2 as
above), then Pep = Q(q) and Pyp = Q(S-q)

folu) o fu)

PI\/IDi /PFA
_ <l

0 q S u

*  Ppa = Q(g) and Pyp = Q(S—q) where Q(x) isthe complementary CDF
*  Ppa = Q(q) decreasesfrom 1 to 0 as q increases from —¥ to +¥

\j

* Pyp= Q(S—q) increasesfrom 0to 1 asq increases from —¥ to +¥

» Choosing q = §2 equalizes these probabilities

» Bayesian decision rules

*  Withan arbitrary threshold g, Ppa = Q(q) and Pyp = Q(S—q)

*  When H istrue, we decide incorrectly that Hq istrue with probability Pea
* Let G, denote the penalty for making this wrong decision

*  When H, istrue, we decide incorrectly that Hg is true with probability Pyp
* Let C; denote the penalty for making this wrong decision
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o Let po=P(Hgistrue)
P1=1-pg=P(H,istrue)
» Theaverage penalty (also called the averagerisk) is poCoPra + P1C1PMD

= poCoQ(a) + p1C1Q(S)
» For the specia case Cp = Cq = 1, the average risk is simply theaverage error probability

* We can minimize the average risk by clever choice of g. Thisisthe Bayes threshold
e Standard calculustechnique:
Differentiate the average risk poCpQ(q) + p1C1Q(S—q) with respect to g and equate to O

¢ QU =1-F(); SFW=f
v 3 00CoQM) + P1CIQASA) =—PoCof (@) + P1Caf (S-0) =0

2
* —PoCo+ P1Ciexp(—5 +Sq) =0

a0C06 _ —
e q > —In aduL + 9 g=biasterm
Bayes — 2 &1C1z ML
* Bayesrisk = average risk when the threshold is set t0 qgayes IS given by

PoCoQ(S/2+g) + p1C,1Q(S/2—9)
» With any other threshold setting, you will pay alarger penalty (on average)

e If pgCp>p1Cq, 9> 0i.e, weincrease the threshold to something larger than S/2 in an effort
to reduce P=p

» If Sislarge, costs have only asmall effect on the threshold
» Neyman-Pearson decision rule

We want Prp to be no larger than a, and to have 1 — Py, p = power of the test aslarge as
possible

» Of themyriad decision rules that satisfy Pra £ @, therule that also maximizes 1 — Py, p isthe
Neyman-Pearson decision rule

* Letqpp bethesolutionto Q(qnp) = a

* ForO<a€£0.5 qnp» \/—Z-In a For amore exact solution, consult Abramowitz and
Stegun,“Handbook of Mathematical Functions’ Chapter 26

* Then, Pea = a; Pyp = Q(S-anp)
» If g ischosen to be any larger than qyp, then Pea < a but Pyp islarger than Q(S-qnp)
* Ifgissmaller,Pep >a
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