Chapter 5 Many Random Variables

A random variable models phenomenain which the experimental outcomes are numbers
A random variable measures one physical parameter
Different random variables measure different parameters

Example: Requestsfor different filesarrive at a Web server. Requests have two parameters of
interest: the time of arrival and the length of the data file requested

Sunspot activity causes different levels of fading of radio signalsin different frequency bands
Different random variables measure different parameters

Experimenta observationsyield vectorsor sequencesor arrays of numbers

The observed vectors are random: we cannot predict beforehand which vector will be observed
next

The mathematical model of arandom variable associates numbers with outcomesw in asample
space

Different random variables associ ate different numbers with each outcome w

[X (W), Y(w), Z(w), ... ] isa vector of observations

Example: W= set of people. Oneis chosen at random X = height of person chosen'Y = weight
of person chosen

(X, Y) isarandom vector or abivariate random variable

(X, Y) mapswi Wonto thepair of numbers (X (w), Y (w))

(X, Y) mapswi Wonto point (X (w), Y (w)) in the plane

Coordinate axes are u and v with value of X plotted along u axisand of Y along v axis
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w

X takeson three values, Y takes on only two values
Both X and Y individually are random variables

Together, X and Y create ajoint mapping of w1 Wonto therandom point (X (w), Y (w))

Asusual, we drop the explicit dependence on w when talking about random variables

(X, Y) isarandom point in the plane

On succesivetrids of the experiment, the outcomes are ws, Wy, Wy ... and we observe the
random points (X (wy), Y (wq)), (X (Wp), Y (Wy)), (X (wg), Y (wWg)), ...

The u-coordinate of the random point is X (w) and the v-coordinateis Y (w)
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Chapter 5 Many Random Variables 115

* Therandom point (X, Y) has more information than either X or Y; it describes the joint
behavior of these random variables

« Example: LetX andY bediscrete random variableswithP{X =0} ={Y =0} = 1/2 and
P(X=1={Y=1 =12
* What isthe probability that the random point (X, Y) hasvalue (1,1)?that is, what is
PEX =1} C{Y =1})?
» Given events A and B with probabilities P(A) and P(B), what isP(A C B)?
« Wemighthave P{X =1C{Y=1})=14, P{(X =1}C{Y =0})=1/4
P{X =0t C{Y =1}) =14, P(X =0}C{Y =0})=1/4
* Wemighthave P{X =1}C{Y =1})=1/3; P{(X =1}C{Y =0}) = 1/6;
P{X =0tC{Y =1}) =16, P{X =0} CG{Y =0}) =1/3
* Thus, theindividual behavior of X andY cannot completely specify their joint behavior

* Thejoint CDF of X and Y, or the CDF of the bivariate random variable (X, Y), or the joint
CDF of the random vector (X, Y), or the CDF of the random point (X, Y), is

Fx y(uVv) =P{X £UtC{Y £v})foralu,v,—¥ <u,v<¥

» Convention: the C isaways replaced by acomma
e {X £u,Y £v} meansthat theevents{X £ u} AND {Y £ v} both have occurred

 DONOT interpret theevent { X £ u, Y £ v} to mean that at least oneof { X £ u} or{Y £ v}
occurred

¢ Fx y(ab)=P{random point (X,Y) isin the region shown}
Av

(a,b)

* Fx y(uyv)isafunction of two variablesu and v

e Afgraph” of Fx v(u,v) isasurfacein three-dimensional space (axesu, v, w)
¢ Since0£ Fx v(u,v) £ 1, thissurface lies between the planesw = 0and w = 1
* Fx y(ab) =P{random point (X,Y) isin the region shown}

e FxyUVv)=P{X£uY £v}

e Ifu® —¥,{X £u} ® gand hence Fx y(u,v) ® 0

e Ifv® ¥, Fxy(UVv)® 0
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 Ifv® ¥,{Y £v} ® Wand hence Fx v (u,v) ® Fx(u)

e Ifu® ¥, Fx y(uVv) ® Fy(v)

* Thus, we can obtain Fy (u) and Fy (v), theindividual CDFs of X and Y, from the joint CDF
Fx v (uv)

¢ However, itisnot possible to determine Fy v (u,v) from Fyx (u) and Fy (v) aone

«  When Fy (u) and Fy (v) are derived from Fy y (u,v) by “setting the unneeded variable to ¥,
they are called marginal CDFs

* Margina does NOT mean barely making the grade; it means the values of the joint CDF “along
the margins’

* Letv=Dbbefixed. Then, Fx y(u,b) isanondecreasing right-continuous function of u
e Letu=a befixed. Then, Fx y(a,v) isanondecreasing right-continuous function of v
o PUXEUWE{YEV})="

« PU{X Eu} E{Y £Vv})=PAEB)=P(A)+ P(B) -P(ACB)

=P{X Eu} +P{Y £V} -P{X £u,Y £V} =Fx(u) + Fy(v) - Fx y(u,v)
o Fx(U)=Fx y(u¥)
 Pla<X E£b,c<YEd}=?

(a,d) (b,d)

v

(a,c) (b,c)

 Pla<X £b,c<YE£d} = iny(b,d) - Fxly(a,d) - FX’Y(b,C) + iny(a.,C) 30
* Thisinequality must be satisfied for all a<band all c<d
» Tedting that thisinequality holdsin all casesisnontrivia
* Generalization: X =(X1,X,...,Xp) isarandom vector or n-variate random variable
* Uu=(upup,...,up)
M {LEQ}:{X1£U1,X2£U2,...,Xn£un}
e Joint CDFof X1, X5, ... , Xyor CDF of X isFx(u) =P{X £ u}
= P{X1£ uq, X2£ up,..., XI’]£ Un} = Fxlyxz,':Xn(ul,UZ,...,Un)
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c Ifayy® ¥, Fx(W®O0

* If someof they ® +¥, the corresponding random variables disappear and we get the
margina CDF of the remaining random variables

« Example:Fx x, x ,x,Us¥,¥,u)) =Fx_ x, (upus)

*  Fx(u)isasurfacein (n+1)-dimensional space

.« Fixal U; except one. Fy (u) isanondecreasing right-continuous function of the remaining
variable -

» Generaized rectangle inequality also holds

* Inmost cases, the joint CDF is cumbersome to work with

» Simpler descriptions of the probabilistic behavior are more commonly used

* Many specia cases

* Weshal concentrate on the case of two random variables X and Y

* Degenerate case: If Y isafunction of X, say Y = g(X), then the coordinates of the random
point are (X,Y) = (X,9(X))

* Therandom point (X,Y) alwayslies on the curve v = g(u) in the u-v plane

» All questions about this pair of random variables can be expressed in terms of X alone

e PIXEUYEVI=PXEugX)EV}=PXEu}orP{at X £ b}
orPlaE X £b} +P{c£ X £d, etc

* Discrete Random Variables

« X andY arediscrete random variablestaking on values{uy, uy, ..., uy} and {vq, Vo, ..., Vi}
respectively

* Therandom point (X, Y’ can only be one of them” n points (u;,vj), LEi£n,1 £j£ m, lying
onam’ n (non-uniform) grid

‘v

C C o—

(UghVim) (Uoiviy) (Unpvim)
u

(Ughv3) (Upivg) (Un,V3)
(Ughvo) (upvy) (Univo)
(U1vg) (upvy) (Up,Vvq)
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Thejoint pmf of X and Y ispy y{u;,vj} =P{X =u;, Y =vj},i=1,
(remember commas mean inter section)

Think of the joint pmf asan array or m” n matrix

2,...nj=12...m

Px y{uU.vm} Px y{UzVm} Px y{UnVm}
i).)l(,Y{Ul’VS} i)l)l(,Y{UZ’VS} bl).(,Y{Un’VS}
Px y{u1.vo} Px v {Uz.V o} Px v {Un.V2o}
Py y{upvi} Py y{U2V1} Px y{UnV1}

Thejoint pmf of X and Y ispy v (Uj,V;) = P{ X =Uj,Y = Vj} (remember commas mean intersection)
Properties of pmfs:

Px y(u,v)® Oforaluandv . Px,y (Ui,vj) =1
1 j:

I Qo5
Qo3

Px(U) =P{X =y} =P{X =u;,Y =vq} + P{X =u;,Y =vo} +...+P{X=u,Y =vp}
m
px(U) =  P{X = up,Y = vj}
j=1
For notational convenlence we use pjj to denote px v (U Vi )=P{X =u,Y = v]} fori=
1,2,...,n,j=12,..
Think of thejoint pmf asan array or table or m” n matrix specifying the probability mass at

each of them’” n grid points

column row sums
sums
ae® px (u1) | px (U) px (Up) a
Vm P1im Pom Pnm Py (Vm)
Vo P12 P22 Pn2 Py (V2)
Vi P11 P21 Pn1 Py (V1)
V- u® Up u Un

University of Illinois

These notions generalize obviously and naturally to the joint pmf of many discrete random
variables

Joint pmfs are thought of as multidimensional arrays and easily handled by computers
There are few profoundly interesting joint pmfs
Suppose that we know that Y has taken on value v3 on thistria of the experiment

Thisfact allows us to deduce additional information about the value taken on by X on thistrial
of the experiment
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Example: Thejoint pmf of X and Y is as shown below

o © ®
—S e <o vy
o © ®

If Y =v3, X can havevauesuy, ug, Or Uy, but not u,

Knowing the value of Y, we should update the pmf of X to conditional probabilities (given Y)
instead of using the unconditional probabilities py (u;)
The conditional probabilities are called the conditional pmf
The conditional pmf of X given'Y =v; is
P{X = ui,Y = vi} _px, v (Uvy)
NVY=PIX =ulY =v;} = I = FX, J
pX|Y(U||VJ) { ui vi} PY = vj} Py ()

Px,v (Ui.vj) =0 P pxy(Uilv)) =0

n

Conditional pmfs are valid pmfs: givenY =vj, px |y (u|vj) 3 Ofordl u, and é Px v (Ui |vj) =1
i=1

Unconditional pmfs can be found via the theorem of total probability

Events{Y =v}, {Y =vq}, ... , {Y = v} areapartition

m
P{X =u} =4 P{X = u,Y = v}
=1

m
Px (W) = a Px |y (Uilvjpy (V)

=1
Px, v (Ui.V}) = Px v (Ui [vj)py (v))
Bayes formula*turns the conditioning around”

oy PIX = unY = vid o opxgy (Uilv)py (v)

LN L P T S M (1)
Example: A Geiger counter detects an a-particle with probability p. The emissionsare
modeled as a Poisson process of rate| per second. X = number of particles detected per
second Y = number of a-particles emitted per second

Y isaPoisson random variable with parameter |
GiventhatY =N, weknow that 0 £ X £ N
Assumption: detections are independent events

X isaconditionaly binomial RV with parameters (N,p)
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Given that Y = N, py v (kIN) = (E)pk(l—p)N—k, 0EKEN

>
Unconditionally, X takeson all nonnegative integer values

k N—k
px(K) = a P (N () = & (V)ora-p e ) = P e )ak%
N=k N=

( p)"

px (k) =

The unconditional pmf of X is Poisson with parameter | p
The conditional pmf of X giventhat Y = N isbinomial with parameter (N,p)
Given that X =k, what can we say about Y? Well, obvioudly Y 3 k
_ pxy KIN)py (N) _ [1 (14)IN*
Py X (N|k) = Py (K) = (NK)! exp(H (1)), N3 k
= Poisson with parameter | (1) but moved right by k

Thisformulation also applies to other physical situations, e.g. packet arrivals are a Poisson
process; packets arelost if they are not serviced by a deadline; processor can only provide
service with probability p.

Independent Discrete Random Variables

Discrete random variables X and Y are independent if knowing value of Y tells you nothing
about the value of X

If for al vj, the conditional pmf py v (U |vj) equals py (u;), we have learnt nothing new
Equivalently, px v (Ui vj) = px (u) iff px y (Ui,vj) = Py (U)py (V) _

that is, P{ X =u;,Y = v} =P{X =u} P Y = Vj forali=12,...,nandalj=1.2,...,m
Random variables X and Y areindependent if the|r joint pmf equalsthe product of the
margina pmfs

Also, the joint CDF equals the product of the marginal CDFs

Fx vy (V) =Fx(UFy(v) fordluandv, ¥ <u,v<¥

If X andY areindependent, their joint pmf cannot be zero at any of them” n grid points
Thisgivesan eyeball test for deciding that X and 'Y cannot possibly be independent

|
Cannot be independent Possibly independent
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» Discreterandomvariables X 1, X, ..., X, are said to be independent if their joint pmf equals
the product of the marginal pmfs, that is,

PX X, ... X, (UpU2,...un) = Px (ug) Px (U2)...px (up) for al wy, up, ..., up

* Equivaently, P X, Xn(ul,uz,...,un) = Fxl(Ul)sz(Uz)---Fxn(Un) forall ug, uy, ... , Uy

*  Whenarerandomvectors X = (X 1,Xo,...,.Xp)andY = (Y 1,Y5,...,Y ) independent?

* Randomvectors X = (X 1,X,....Xp andY =(Y1,Y5,...,Y ) aresaid to be independent if
Fx v (V) = Fx (UFy (V)

* Notethat the X’ s or the Y;’s need not be independent among themselves

* Jointly continuous random variables

e Supposethat X andY are random variables

« (X, Y) isarandomvector or abivariate random variable that mapsw1 Wonto the pair of
numbers (X (w), Y (w))

« Equivalently, (X, Y) mapswi Wonto point (X (w), Y (w)) inthe plane

* (X,Y)iscdled arandom point in the plane

 If X andY arediscrete, (X,Y) takes on adiscrete set of positionsin the plane

o |f X andY are continuous random variables, what can be said about the random point (X,Y)?

» Degenerate case: If Y =g(X), then (X,Y) = (X,g(X)) aways lies on the curve defined by
v = g(u) in the u-v plane

. SII probabilities involving this bivariate random variable (X ,Y') can be expressed in terms of X

one

* Moregenerdly, (X,Y) can beany point in aregion of the plane

. Exda(rg pil)e: (X,Y) can be any point inside the square region with vertices (0,0), (0,1), (1,0)
and (1,

» Example: (X,Y) can beany point in the plane

e If (X,Y) canbeany pointinaregion of the plane, X and Y are called jointly continuous
random variables

» Other verbiage: (X,Y) isajointly continuous random variable; (X,Y') isajointly continuous
bivariate random variable

o If (X,Y)isjointly continuous, then X and Y areindividually also continuous random variables

» The degenerate case discussed above shows that continuous random variables X and 'Y need
not be jointly continuous as well — the random point (X ,Y) could well always lie on acurve
instead of anywherein aregion. Thisisthe definitive characteristic of joint continuity

o If (X,Y)isjointly continuous, the random point (X ,Y) may occur anywherein aregion
* Repeated trials may show more heavy clustering in some parts of the region than in other parts
» Therandom point may be more likely to be in some locations than in others
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The random point may be more likely to be in some locations than in others

Discrete random variables create point (probability) masses at discrete points:
Px v (Uj,vj) = probability mass at point (u;,v;)
Jointly continuous random variables spread the probability massin the plane

There is no point mass at any point in the plane: instead, the probability massis spread with
varying density fx v (u,v) over aregion of the plane

fx y(u,v) = density of the mass at the point (u,v) in the plane

The joint probability density function (joint pdf) fx v (u,v), defined for all uand v,

—¥ <u, V< ¥, describes the variation in the density of the probability massin the plane
fx y(uv) 2 Oforaluandv

fx v (u,v) describes a surface that lies above the u-v plane

For our picture, fy y (u,v) ismaximum at (0,0) indicating that, on repeated trids, the heaviest
clustering of the random points was observed at the origin

fx v (u,v) isnot a probability; it is the density of the probability mass at (u,v)

fx v (u,v) ismeasured in units of probability mass/area

To get aprobability, we must multiply fx v (u,v) by an area

All thisis similar to the pdf of a(single) continuous random variable:

Plufg X £u+d} =fy(u)' d

B = small areaincluding the point (u,v)

Region B—P@ (u,v)

P{(X,Y)T B} »fy y(uv) Areaof region B
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* Approximationisgood if B has small area, and poor if the area of B islarge

« P{(X,Y)T B} »fy y(uv) Areaof region B
* fx v(uv) isasurface above the u-v plane

« fx y(uv)” Areaof region B » volume between fy v (u,v) surface and region B in the u-v plane

PlUEX £Eu+du,vEY £V +dv}
=P{(X,Y)T rectangle of areadu’ dv} » fy y(u,v) du dv
» Poor approximation if areaislarge
» For larger areas, take the sum of such approximations
* Let B denote an arbitrary region in the plane
* Thelimiting form of thesumis

P{(X,Y)T B} = ®fy y (u,v)dudv = volume between the pdf surface and the region B
(uv)1B
* Fx y(ab) =P{random point (X,Y) isin the region shown}

Av

(a,b)

v

* Fx y(ab) =volume below pdf surface in the shaded region

@ O~
D> D~

a b b a
U U
« Fxy(@b)=P{XE£aYEb= Q0 €0 fyyuvdvidu= O € Q fx,y(uv)duldv
¥ a ¥ Q

k
E

* Integration can be donein any order
¥ ¥ ¥ ¥

« Fxy®.¥)= 0 Ofxyuvdudv= 0 O fx y(uv)dvdu=1
X ¥ X ¥
 Total volume between the surface fy y (u,v) and the u-v plane equals 1

« All validjoint pdfs satisfy the following two properties:
e fx y(uv)3 Oforadluandv

¥ ¥
« 0 Ofyxy(uvdvdu=1
¥ ¥
University of Illinois Probability with Engineering Applications ECE 313
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a

\

b
Fxy@b)=P(X£aYE£b = 0 O fxy(uv)dvdu
¥ ¥

2
Hence, fx v (u,v) = ."HW/FX,Y(U,V)

What isthe derivative of an integral?
Anintegral isan area, so itsvalueis a constant, and the derivative is therefore 0 ?7?

g(x;a) = function of x with a as a parameter e.g. exp(-ax)

a(a) and b(a) are given functions of a
b(a)

G(a)= O g(x;a)dx
a@)

b(a)
T = A Lo . 5\db@) . 5)%@)
12 C@)= a(ag) gad0xa)dx + gb(a); a) - ~ g(a@); )%y,

All derivatives are assumed to exist

Special case: If limitsdo not depend on a, then
b

G(a) = O g(x;a)dx
a

b
) S
ﬂ—aG(a) =0 ﬂ—ag(x,a)dx

a

Special case: If integrand does not depend on a, then
b(a)

G(a)= 0 g(x)dx
a(a)

%G(a) = g(b(a))P2) — g(a(a)) &)

aéb u a

Fxv@b)=P{X£a YEb = Q€0 fyy(uvidvidu= Q g(ub)du
¥ e-¥ u —¢

where g(u;b) = inner integral is not afunction of a
a

Fx.y(@b)= O g(ub)du
_y

b
ey (@D) = g@bl=g(ab) = O .y @v)ay

Differentiate thiswith respect to b
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2
fx,v(ab) = P v (@b)

L ¥ N
O fyx y(uv)dvidu
Q

o D

a
Fx@=Fx y@¥)= 0
Y

E

¥ v
C b fX,Y(U,V)dUEdV
e u

e
Fe)= Oé
Y]

¥

Jec@=f@= O fy y(@av)v
fid ¢

¥

Jes)=fy® = O fx y(ub)du
i K

Mord: to find the marginal pdfs, integrate w.r.t. to the unwanted variable
Generalization:

X =(X1,X5,...,X,y) isarandom vector or n-variate random variable

Joint pdf of X3, X5, ..., X or pdf of X isdenoted by fx  x .. x_(UUz,...,up)

P{u£ X £ u+du} = P{C (u £ X; £ u; + du;)} = fx (u)dupdu,...duy

P{XT B} = ®&--@ fx(u)du=n-dimensional volume
5@ X

Fx(@=Fx x..x (@82...a) = §4@g Y fx(UWdu
Tofind thejoint pdf of asubset of X 1, X o, ... , X}, integrate fy (u) from -¥ to¥ w.r.t the
unwanted u;’s o

Recall that all valid joint pdfs satisfy
fx y(uv) 3 Oforaluandv
¥ ¥

O O fxy(uv)dvdu=1
¥ ¥

a b
Fxv@b)=P{X£a YEb = O O fx y(uv)dvdu
¥ ¥

2

fx y(uyv) = cﬂﬂﬁ,FX,Y(U,V)

¥ ¥
fx(U) = O fx y(uv)dv . fy(v)= O fx y(uv)du

-¥ -¥

The random point (X,Y) isuniformly distributed on aregion B if thejoint pdf is of the form

_ g, (uv)1 B,
Py v)=ig elsewhere.

Volume=c¢ Area(B) equals1. Hence, c = [Area(B)] !
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_ _[2 O<u<v<l,
« Example: fx v(u,v) = 0, elsewhere.

fx,Y“(U V) / \Y;

y

¥
o fx= O fy y(uv)dv
Y

¥
* Fixavalueforu, say u=3/4. Then, fy(3/4) = 0 fx v (3/4,v)dv
¥

* u=3/4istheequation of avertica linein the u-v plane

v fx,YA(U’V) /v

1

3/4 u
1

o fy(3/4) = Areaof rectangle=2" (1-3/4) = 1/2
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* Moregeneraly, forO<u<1,fy(u) = 0O fx y(u,v)dv = area of rectangle = 2(1-u)
¥

1

AV

¥

Foru£Qoru?® 1, fy v(uv)=0andhenceintegral is0O

_J2(1u, O0<uc<1il,
Fx (W) _{ 0, elsewhere.

fx,Y“(U V) /v

3/4 1{/

u / 3/4 u
1 1

fy (3/4) = Areaof rectangle=2" 3/4 = 3/2
¥
More generaly, forO<v <1, fy(v) = 0 fx v (u,v)du = area of rectangle = 2v
¥

Forv£Qorv? 1, fy v(uVv)=0andhenceintegral isO

_f 2v, O<v<l,
fy(v) = { 0, elsewhere.

_f2(l-u), O<u<1,
fx (u) = { 0, elsewhere.

Itiseasily verified that these are valid pdfs

2 f(U) 2‘f(V)

u V

> >

For any joint pdf fy v (u,v),
fx (Ug) = area of cross-section of fy y (u,v) (paralel to v-axis) at point u = uy
fy (vo) = areaof cross-section of fy y(u,v) (parallel to u-axis) at point v = vg

>

University of Illinois Probability with Engineering Applications
at Urbana-Champaign

127

ECE 313
Fall 1997



Chapter 5 Many Random Variables 128

* Functions of random variables
e WhaisP{X +Y £a}?

« P{X +Y£a}=P{(X,Y)1 shaded region}

. _J2 O<u<v<l,
« Example: fx y(uv) = 0 dsawhere.
 SinceX andY havevauesintherange(0,1),0<X +Y <2
. Px+v£a}=)0 fato
11 ifas 2

« WhaifO<a <2?

2
+ For0<a£1Px+Yta}=2[}a @2]=%

1hV 1nV \

a <, al2 \~<$>

\

Q \
u u

-

al2 a 1 a-1 al2 1

2. 2
e Forlf£a<2 P{X+Y >a}= 2[%(2_3)(1_a/2)] - ( —26‘)
University of Illinois Probability with Engineering Applications ECE 313
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Y 0, ifa£o,
] a2
7o if0<actl,
PIX+Y£a}=| a)?
::1—( 2), if1£ a <2,
1, ifas3s 2
LetZ=X+Y
Y 0, ifa£o,
" a? .
r o if0<af£l,
F-(a)=P{Z £a} =P{X+Y £a} =
z(@)=P(Z£a} =P e PO
11- 5 ifl1£ a < 2,
1, ifas3s 2
}a, if 0<actl,
Differentiate to get pdf of Z: fz(@)=1i2-a, if1£ a <2,
to, elsewhere,
11\
More generaly, P{X +Y £a} = P{(X,Y) 1 shaded region} and we need to compute an
integral. Thisishow we set it up.
y'\ 'y
\ V \ Vv
a_\u+V:a ) \U+V:a
D u du A u
(u \5
« P{(X,Y)T shadedregion} =&&fy y(uyv) du dv
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* Movelittle box to cover the entire shaded region
* Fixthevaueof uandlet v vary, carrying box with it

Tty
3 [u+v=a

\/

U 2\ “u

«—H

e Limitsonvare—¥ toa—u

¥ a-u
*  Repeat with different u values: PIX+Y£a}l= O O fxy(uv)dvdu
u=—¥ v=2%¥
¥ a-v
« P[X+Y£fa}= O O fx y(uv)dudvif wefix v and let uvary first
v=—¥ U=—¥
e LetZ=X+Y
¥ a—u
- Fz@@)=P{Zf£a}=P{X+Y£a}= O O fx y(uv)dvdu
u=—¥ v=-¥
e fy(a)= O:jFZ(a) =7 * Differentiate theintegral (in two steps)!
a
[ b ¥ a-u
S | : - AT A
« —G(a)= «g(x;a)dx o f7(a) = P f u,v)dvdu
2@ O o) 2@)= 0, 0 fxy(uy)
q @) dia) : :
* g @)dx=g(b@)), * fz(@) =fx+y(@) = Qx,y(ua-udu= Q@x,y@-v\v)dv
a u=—¥ V=¥
» Thismagical formulais usualy too messy to apply to any particular problem
¥
e fysy(@)= O fx y(ua-u)du
u=—¥
2, O<u<v<l,
* Example: fx y(uv) = { 0, dsawhere.
_12,0<u<a-uc<li,
fX'Y(u’a_u)_%O, elsewhere.

O<u<a-ub O<u<al2u<a-u<lb a-l<u<al/?
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O<u<al2anda-l<u<al2
 If0<a£1l,a-1£0andthusfy v(u,a-u)=2forO<u<al2

¥ al2
+ fxsy(@= Ofxy(ua-udu= Q2du=a
u=—¥ u=0

* O<u<al/2anda-l<u<a/2
e Iflfa<20£a-1<1b fy y(ua-u)=2fora-l<u<al/2

¥ al2
e fysv@= Ofxy(ua-udu= Q2du=2-a
u==¥ u=a-1

¥ ¥
« P{Y>aX}=P{(X,Y)T shadedregion} = O O fx y(uv)dvduif wefix uandletv
=¥ =au

u V:

vary first

tv

VvV = au

* Fundamental notion: to find the probability that the random point (X ,Y') satisfies some
condition such as{X+Y £ a} or {Y >aX} or {X2+Y2£ 1}, identify the region in the u-v
plane, and find the volume under the pdf in thisregion

* Insome cases, no integration is necessary because pdf is simple function

* Otherwise, set up limits on the integral of the pdf and evaluate

» Discrete random variables? Just add al the probability massin the region of interest

. . . _iey, O<V<u<¥,
Example: (X,Y) hasjoint pdf fx v (u,v) io, dlsawhere.
Find the pdf of Z = X-Y Joint pdf is nonzero on shaded region shown below

A

4

V v u—v = a

u
U a

e X >Y awayssothatZ >0
 Fora>0,P{Z<a} =P{X -Y <a} =volumein deep shaded region above
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¥ vt+a ¥
e Fora>0,P{Z<a}= O Oexpudu= Q exp(-v)—exp(-v-a)dv=1—exp(-a)
v=0 u=v v=0

b Z isexponential RV with parameter 1

« Example: (X,Y) hasjoint pdf fx y(u,v) :}0 W0 < U< L, elsewhere
i) I i .

« Whatisthevaue of c?
«  What isthe pdf of R = \/X 2+Y2

C

— e

« Cylinder — cone must have volume = 1. But, volume=pc—pc/3=2pc/3Pb c=3/2p
* R hasvauebetween 0 and 1

a 2p
8
« ForO<a<1l,P{R<a}= O O f\/u2+v2dudv =0 O3rrdgdr=r3 =a3
24P =0 g=0 2P To
uc+v4 £ a q
1242
e Th ,f :!33, 0O<acx<]1,
us, fr(@) {0, elsewhere.
* Whatisthepdf of Z =Y/X?
o Ztakesonvauesin (=¥ ,¥)
4 v=au,a>0
v=au,a<0
> >
_1,.1
. P{Z<a}—§+6arctan(a)
« PlzZz<a :%+%arctan(a) for al values of a
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Hence, f>(a) = —¥ <a<¥ whichisaCauchy pdf

p(L+a?)
Note that al circularly symmetric pdfs fy y (u,v) will give the same resullt!

_ [2 O<u<v<l,
Example: fx y(u,v) = 0, elsawhere.

What isthe pdf of Z = XY ?
Since0<X,Y <1,0<Z<1
For 0<a< 1, wewill find P{Z > a} and obtain the pdf f,(a) from this

14

Gal x.-HV=4

a u
Afg 1

P{Z>a= O O2dudv= Q 2(v—al) dv:v2—2alnv:' =l-a-alna
vaa sV vaa iVa

Thusf;(a) =—Ina O<a<1.

Independent Random Variables

Two random variables X and Y are said to be independent if their joint CDF equals the product
of the margina CDFs, that is, if Fx v (u,v) = Fx (UFy(v) foraluandv, ¥ <u,v<¥

Definition appliesto all types of random variables: discrete, jointly continuous, mixed, etc
Discrete random variables are independent if py v (U;,vj) = px (Uj)py (vj), that is,

ifP{X =u,Y =vj} =P{X =u}P{Y =vj} foral i=12,...,nandalj=12...,m
Joint pmf = product of marginal pmfs

Jointly continuous random variables are independent if

2 2
iy (UV) = ﬂ:']W,ny(u,v) - ﬂHW,Fx (WFy (V) = Fx (Ufy (v) for all uand v, =¥ <u, v < ¥

Joint pdf = product of marginal pdfs

X1, X9, ..., Xyaresaid to be independent if the joint CDF equals the product of the marginal
CDFs thatis, if Fx_ x . x_(Upuz....un) = Fx (Ug) Fx (Up)...Fx (up)

Also holdsif CDF isreplaced by pdf or pmf

X=X, Xg....XpandY =(Y1,Y5,...,Y ) aeindependent if Fx v (u,v) = Fx (WFy (V)
Note that the X ;'s or the Y’ s need not be independent among themselves -
Physical independence is assumed from problem, and stochastic independence reflects this
assumption

Weassumethat X and Y are physically independent and set the joint CDF/pdf/pmf to be the
product of the marginal CDFs/pdfs/pmfs
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» Meaning of independence: knowing which value of Y occurred on atrial tells you nothing new
about X

« Fordla<bandanyc, P{af X <blY =c} =P{af X <b}

* Knowing Y =cdoesn't help

« Example: Supposethat fx v (u,v) = { g 2IS<ewuhe<re.V <1

 BothX andY cantakeonvaluesin (0,1)

* If weknow thatY =3/4 onatrial, weknow that 0 < X < 3/4

* Hence: not independent

» Eyebadl test for independence

* Itisnecessary that the joint pdf/pmf be nonzero on aregion/grid that is arectangle with sides
parald to the axes

 Rectangle test is not sufficient: we also need to check Fy y (u,v) = Fx (u)Fy (v) foral uandyv,
¥ <Uu Vv<¥

Cannot be independent Possibly independent
A
< " U >
Cannot be independent Cannot be independent Possibly independent
A
V

(a,d) (b,d)

v

(a,c) (b,c)
¢ty () = V(b-a)e-o)]

e (X,Y)isuniformly distributed on (a,b)” (c,d), (i.e. rectangle with vertices at (a,c), (b,c), (b,d)
and (a,d)) if and only if X and Y are independent and uniformly distributed on (a,b) and (c,d)
respectively
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* Sumsof independent random variables: Z=X +Y
» If discreterandom variables X and Y are integer-vaued, then

P(X +Y =n} =P{Z=n} = § P[X=k, Y=nk} =3 px y(k,nkK)
k k

 If X andY areindependent, then P(X +Y =n} =pz(n) = § px v (k.nk) = § px (K)py (k)

k
is the discrete convolution of the marginal pmfsof X and Y

* Important Special Cases:
* Binomial =# of successeson n trials where P(success) = p

o If X andY areindependent binomia random variables with parameters (m, p) and (n, p), then
Z =X +Y isabinomia random variable with parameters (m + n, p)

» Seetext for proof (Example 3e, p. 271)
* Negative binomial = waiting time for the n-th success

e If X andY areindependent negative binomia random variables with parameters (m, p) and
(n, p), then Z = X +Y isanegative binomia random variable with parameters (m + n, p)

* If X;,1£i£ nareindependent binomial (or negative binomial) random variables with

parameters (N;j, p), then é X isbinomial (negative binomial) with parameters (é Ni, p)
i i
* Poisson = number of random pointsin given timeinterval

* If X andY areindependent Poisson random variables with parameters| x and| v, then
Z =X +Y isaPoisson random variable with parameter | y + 1 v
e X andY arethe numbers of random pointsin (O, t] and (t, t + S| respectively

+ X andY areindependent Poisson parameters nt and ns

e Z =X +Y =number of random pointsin (0, t + s| = Poisson with parameter nt + s)

« 1f Xj, 1 £i £ nareindependent Poisson random variables with parameters| ;, then § Xj isa
i

Poisson random variable with parameter al i
i

4
* If (X,Y) isjointly continuous, fz(a) = 0 fx y(u,a—u)du
u=—¥
4
« IfX andY areindependent, fy(@) = O fx (u)fy(a—u)du = fy*fy =fy*fy
u=—¥

= convolution of marginal pdfs
4

* Note: On page 265 of the text it is shown that Fy v (a) = 0 Fx (@-V)fy (v)dv
u=—¥

* Fx4y iscaledthe convolution of the CDFsFy and Fy. Not so! Fy iy = Fx*fy * Fx*Fy
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* If X andY areindependent gamma random variables with parameters (s, ) and (t, | ),
thenZ =X + Y isagammarandom variable with parameters(s+t, | )

» Generaization to the sum of many independent gamma random variables with same scale
parameter | but (possibly) different order parameters. the result isa gammarandom variable
with same scale parameter | and order parameter = sum of order parameters

o
e X, Xo,..., X areindependent N(m,siz) random variables. Then § X; isaN(Q m.a siz)
i i i
random variable
e« Thesum of Gaussian random variablesisa Gaussian random variable

«  Moregenerdly, § aXi isaN(é am,é aizsiz) random variable
i i i

* The sum of non-independent Gaussian random variablesis also Gaussian

e Xy, Xo,..., Xpareindependent random variables

*  Then, g1(X 1), 92(X9),..., gn(X ) are aso independent random variables

o g(X1,X9,...Xy) and h(X k+1,... X p) are independent

* Functions of random variables

« Example: X andY areindependent unit Gaussian random variables

2402
© oy = 7engu+Va ) R=VX%YZ Z =R2=X2+Y2
. fr(@)="? . f,(b) =2
\ 24120
+ Fora’ 0,P(R>a}=1-Fr@)= O O zerg 5 g
u2+v > a
¥ 2p
=0 O Ziexp(—rZIZ) rdq dr = exp(-a%/2)
r=a g=0 <P

. fa()= |aexp(—a2/2) a?d o,
"o, a<o.

* ThisisaRayleigh pdf (which also modelsthe lifetimes of systemswith linearly increasing
hazard rates)

«  What if we began with N(0,s2) instead of N(0,1) variables?
o Pdf of aX isfay(v) = |a|f><a¥°

« 1f X isN(0,1), sX isN(0,s2)

e \(sX)?+(sY)?=sR whereR has pdf (a)exp(-a/2)
o fRr(V) = (V/sdexp(~v2/2s?) isthe general Rayleigh pdf
»  DSP microprocessors work on complex baseband signalsin | and Q channels
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Noise voltages in channels are modeled as independent N(0,s2) random variables
Noise amplitude is Rayleigh random variable with pdf (v/s2)exp(-v2/2s2)

~

Forb3 0, P{Z>b} =1—Fy(b) = (‘)2 X (‘B 2P 2 coludv
u=+v
¥ 2p
=0 O z—lpexp(—r2/2) rdq dr = exp(-b/2)
o @0
1 (U2exp(-b/2), b3 0,
f20)=1o, b < 0.

Thisisan exponential pdf with parameter 1/2, a.k.a. agamma pdf with parameters (1,1/2)
If X and Y were N(0,s2), we would have obtained gamma pdf with parameters (1,1/2s2)
If X isN(0,s2), X 2 has gamma pdf with parameter (1/2,1/2s2)

If X and Y areindependent, so are X 2 and Y 2

X 2 + Y 2 has gamma pdf with parameters (1,1/2s2)

If Xi, 1 £1 £ n, areindependent N(0,s2) b Xizareindependent gammarandom variables

[o]
with parameters (1/2,1/2s9) b @ Xi2 has gamma pdf with parameters (n/2,1/2s2).

|
Thisis often called ac? pdf with n degrees of freedom
Example: X, Y, and Z areindependent N(0,s2) random variables
W = X2 + Y2 + Z2 has agamma pdf with parameters (3/2,1/2s2)
=~ 2 2
fw(a) 2053 exp(-al/2s<)

Gamma random variable with parameters (t, | ) has expected value t/l

E[W] = (3/2)/(1/2s2) = 352
X, Y, and Z: the velocity of amolecule as measured along three perpendicular axes
(V2)mW isthe kinetic energy of the particle

Average kinetic energy = E[(1/2)mW] = (/2)mE[W] = (3/2)ms?2 = (3/2)kT

fw@) = ﬁ exp(-a/2s?) «s2=KkT/m

Kinetic energy H = (1/2)mW has Maxwell-Boltzmann pdf f,(b) = \/2_(kT)‘3/2\/Eexp(—b/kT)
p

Thisisagamma pdf; what are its parameters?

V =VW =\X2 + Y2 + Z2isthe“speed” of the molecule
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. i _ 4 (M) 322 2SO i i
The pdf of V isfy/(g) = \/B(ZKT) gzexpe 2kT!ZJCf' Theoretical Exercise 1, p. 237 of the text

» Exercise: Find E[V].
e Example: X andY arerandom variableswith joint CDF Fy v (u,v)
X, if X >,
y Z:maX(X’Y):{Y if X £ V.
e Fz(@)=PzZEa}=Pmax(X,Y)Ea} =P{X £a,Y£fa}=Fxy(a,a)
e If X andY areindependent, Fz(a) = Fx y(a,a) = Fx(a)Fy(a)
 If X andY areindependent and jointly continuous, then
d d
fz(a) = gFz(@) = ,Fx(@)Fy(a) =fx(a)Fy(a) + Fx(a)fy(a)

 PlafZfa+da} =fy(a)da=P{a£X £a+da,Y £a} +P{X £a,afY £a+da}
=fx(a)daFy(a) + Fx(a)fy(a)da
 If X andY aso haveidentical marginal CDF and pdf, then F,(a) = F2(a); fz(a) = 2f(a)F(a)
 Example: If X andY are independent and uniformly distributed on [0,1], then
_11, Of af£l,
fa)= {0, elsewhere.
. - _12a, 0£ af£l,
Hence, f7(a) = 2f(a)F(a) 10, dlsewhere.
¢ X andY arerandom variables with joint CDF Fy y (u,v)

, Y, if X >,
. W:m|n(X,Y)={X if X£ Y.

s Fw(b)=P{W £ Db} =P{min(X,Y) £ b} =P{X £b}E{Y £b})

e Fw(@)=P{WEDb} =P{X £b}E{Y £b})=P{X £Db} +P{Y £b} —P{X £b,Y £b}
=Fx(b) + Fy(b) —Fx y(b,b)

A

(b,b)

 If X andY areindependent, then
Fw(b) = Fx (b) + Fy (b) —Fx (b)Fx (b) =1 -[1-Fx(b)][1-Fy(b)]
«  Fy(b) = 2F(b) — [F(b)]? and fyy(b) = 2f(b)[1 — F(b)] if the marginal CDFs are the same
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Example: If X and Y are independent and uniformly distributed on [0,1],

_11, Of afl,

thenf(a) = %0, elsawhere.
= _ _12(1-b), Of bE£1,
fw(b) = 21(b)[1 =F(b)] %O, elsawhere.

Fw(b) = Fx (b) + Fy (b) — Fx (b)Fx (b) = 1—[1-Fx(b)][1-Fy (b)]

Note that [1-Fy (b)][1-Fy(0)] =P{X >b}P{Y >b} =P{X >b,Y > b}
=P{min(X,Y)>b} =1-F(b)

Generalization to maximum and minimum of many random variables
Z=max(X1, Xp,..., Xp)

W = min(Xl, X2,..., Xn)

Fz(a)=P{Z£a} =P{C X £ a} =Fy_x_
= C) Fx (@) if independent = [F(a)]" if the marginal CDFs are also the same
|

Thus, if X1, Xo,..., X have identical marginal pdf f(u) and they are also independent random
variables, then, Z, the largest of these n random variables, has pdf f7(a) = n[F(a)] —lf(a)
W = min(Xl, X2,..., Xn)

P{W >Db} =1-Fy(b) =P{C X; > b}

If the X{’s are independent, P{CX; > b} = O P{X; > b}
|

If the X;’s are independent, 1 — Ry, (b) = C) [1-Fx (b)]
|

If the marginal CDFs are the same, then 1 —Fy(b) = [1—F(b)]" and
fw(b) = n[1 - F(b)]"™(b)
Example: X1, X,..., X5 areindependent and uniformly distributed on [0,1]
f(b)=1forO<b<1Fb)=bforO<b<1
_15(1 — b)4 if0O<b<1,
fw(b) 10, otherwise.

Example: X1, X5,..., X, areindependent random variables representing the lifetimes of
components

The system fails as soon as a component fails
System lifetime=W =min(X 1, Xo,..., X))

1-Fw(b) = Ci~) [1-Fx (0] =[1-Fx (0)[1-Fx (b)]...[1-Fx (b)]

fw(b) =& Tx, ()0 [L- Fx (o)

What isthe hazard rate of W, the lifetime of the system?
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foy(® _é fx, ®

Hazard rate of W = hw(t) = 1 m = é. hX (t)
[

- Fw()

|
Hazard rate of system lifetime isthe sum of the hazard rates of the components, and thusis
larger than the hazard rate of any one component
The larger the hazard rate, the sooner the system fails
Morad: systems with many components (i.e. complex systems) fail sooner than simple systems
Multiple functions of multiple random variables

We have studied methods for finding the CDF (or pdf or pmf) of afunction of two (or more)
random variables

What isthejoint CDF/pdf/pmf of W = g(X,Y) andZ = h(X,Y)?

The distributions of W and Z separately are insufficient to determine the joint distribution
Supposethat X andY arediscretebp W =g(X,Y) andZ =h(X,Y) are aso discrete
Determine the set of valuestaken on by W and Z

{ak}: {g(ui,vj): 1£i£n1£j£m} {b|} = {h(ui,vj): 1£i£n1£j£m}

Pw z(@kb) =W =ay, Z=b} = é é. Px, v (Ui.V)) 9(u;.vj) = a, h(u;,vj) = b
i

We are just adding up the probabilities of all (X,Y) such that g(X,Y) = a,; h(X,Y) = b,

Example: W = XY, Z=X/Y

W and Z are both positive or they are both negative

Pw,z(a,b) :px,Y(\/;,\/J)) +px,v(—\/£,—\/ﬁn) a, b>0
pw,z(a,b) = pX,Y(\/;F\/J)) + px,Y(—\/;,\/E) a, b<0

Example: W =min(X,Y), Z = max(X,Y)

}px,v(a,b) + px y(b,a), a£ b,
10, a>b,

Pw,z(a,b) =

All the probability masslieson or abovethelinea = b inthe plane with axesa and b
Suppose that (X,Y) is jointly continuous and sois(W,Z) = (g(X,Y),h(X,Y))
Note that even if g and h are continuous, (W, Z) need not be jointly continuous
Example: W =cos(X +Y) and Z = sin(X +Y) are not jointly continuous (why not?)
Basicidea: we compute the joint pdf fyy z(a,b) directly from fy v (u,v)
P{(X,Y)T B} » fyx v(uv) Areaof region B
Approximation isgood if B has small area, and poor if the area of B islarge
P{uf X £utdu,v £Y £ v+dv} = P{(X,Y) T rectangleof area

du” dv} » fx v(u,v)" du” dv
P{a £W £ a+da, b £ Z £ b+db} » f\y z(a,b)dadb » fx y(u,v)" Area(B) for some B
Example: W = X+Y, Z = X-Y
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« W=alif(X,Y)liesonutv=a Z=>bif (X,Y)liesonu-~v=hb

¢ (W,2)=(a,b)iff (X,Y)= (aTm’aT_b

« {af£WE£a+da, b£Z£b+db} iff (X,Y)T shaded rectangle shown
V
\ u+v=a+da
atda

bAdb A -

« fwz(a,b)dadb» P{a £W £ a+da, b £Z £ b+db} = P{(X,Y) T rectangle}
» fy v (a; b,agb Area(rectangle); where Area(rectangle) = \71 \7’1 &b

* fwz(@b)= x Y(a;b’agb

* Moregeneraly, g(u,v) =a and h(u,v) = b are curvesin the u-v plane

e Letg(uyv)=a and h(u,v) = b intersect at the point (uy,v4)

e Thus, (W,Z) = (a,b) whenever (X,Y) = (u,vq)

* Moregeneraly, therectangle{a £ W £ a+da, b £ Z £ b+db} inthea-b plane corresponds
to aregion in the u-v plane bounded by the four curvesg(u,v) = a, g(u,v) = a+da, and
h(u,v) = b, h(u,v) = b+db

* Onecornerisat (uy,vy)
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+ fwz(a,b)dadb» P{a £W £ a+da, b £ Z £ b+db} = P{(X ,Y) 1 shaded region}

» fyx v (ug,v1)” Area(region)
» Theareaof theregion isgiven by the Jacobian of the transformation mapping the u-v planeinto

i : _Tfu  fvi _Tgth_TgTh ion,, dadb
thea-b plane: J(u,v) = it T T T Y Areaof shaded region » UV
i u ﬂVT 1
fx y(upvy
e fywz(@,b)="21=1-%
w.z M(ugvy)|
« Example: W =X+Y,Z=X-Y
* g(uv)=u+v,h(u,v)=u—vu+v=aandu—-v=Dbintersect a (uy,v4q) = aTer,aT_b
+ Juw = [t 2|=-2foraluandv
1 atba-b
* fwz(@b)= ;TX,Y > " 2
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» Caveat: Itispossible that for some valuesof a and b, the curves g(u,v) = a and h(u,v) = b
do not intersect at al

« Example: u+v=10and u?+ v2 = 1 do not intersect
* fwz(@,b)=0forsucha andb

» Caveat: Itispossiblethat for somevaluesof a and b, the curvesg(u,v) =a and h(u,v) = b
intersect at (uq,v1), (Up,Vy), ... (Un,Vy)

& v (UVy)
. fwz@,b)=a i
w,z(@,b) a )

« Example: W = X+Y, Z = X2+Y2
e u+v=aandw?+v2=Dbdonotintersectif a >\/2b

. A
b —
Nb
/ | ’

« If [a] <\/2b, there are two intersections at

@& . \2ba? \/2b-a25 \/2b-a

a8
< 4 x _
& 2 > pdde, 2

e Juyv)= |21u 2&' = 2(v—u) = +2\[ 2b-a?

« Example: If X andY areindependent unit Gaussian random variables, then

fx vy (UV) = 2—1pexp(—(u2+v2)/2)

i p(-h/2)
* fw,z(@.b) =25\ 20a2
to otherwise.

» Exercise: Sketch the region where the pdf is honzero

N

a o
12 2 o

N |

if la| < Vab,
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 Example: If X andY areindependent exponential random variables with parameter 1, then
fx v (Uv) = exp(<u+v)), uv >0

s exp(-a) . \/- \/—

1 , if Vb < a < V2b,
fw z(@,b) = j\/op-a2

TO otherwise.

» Exercise: Why musta > \/E 7

» Generalization of the use of Jacobiansto n functions of n random variablesis possible. Seethe
text for details

» Jacobians can be used only when g and h are differentiable functions
» Otherwise, we must work from first principles

 Example: W =min(X,Y), Z = max(X,Y) The minimum function and the maximum function
are non-differentiable

 PlaEWE£a+da,b£ZE£b+db} =0ifa>b. Why?

« Foraf£hb,fy z(@,b)dado=P{a £W £ a+da, b £Z £ b+db}
=P{a£X £a+da,b£Y £b+db} + P{b£ X £b+db,a £Y £ a+tda}
=fx y(a,b)dadb +fy y(b,a)dadb

« fw,z(@b)=fx y(@,b)+fx y(b,a)

« Ifaf£b,fyz(@,b)="Ffx y(a,b) +fx y(b,a)

Ifa>b, fyy z(a,b)=0
* Thejoint pdf isnonzero only intheregiona £ b

* (a,b) and (b,a) are mirror image points about thelinea = b
* Thejoint pdf of the min and the max can be found by “folding the pdf” over

M

u !

> |

e Example If (X,Y) are uniform on unit square, min and max areuniformon0O<a <b <1
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o LetZ=g(X,Y)
Y4
+ EZ]=E[gX.Y)] = @fz(a)da
¥
* Tofind E[g(X,Y)], itis not necessary to first find the pdf (or pmf) of g(X,Y): GLOTUS!
¥ oy
» GLOTUS Itiseasy tofind E[Z] asE[Z] =E[g(X.Y)] = O y(uv)fx y(uv)dudv
~
[¢} [¢}
oras a a 9(u.vppx,v v
P
University of Illinois Probability with Engineering Applications

Expectation

¥
E[X] = the expectation of X E[X] = cyfx (u)du for acontinuous random variable
¥

E[X] =8 uipx (u;) for adiscrete random variable
i
¥

fy(u) = O fx v (uv)dv
Y

¥ ¥ ¥

E[X]= yfx(Wdu= O O ufy y(uv)dvdu
Y —¥¢ —¥¢
¥ ¥

¥
E[Y]= ¢yfy(Vdv= O O vix y(uv)dudv
¥ —¥ ¥

Similar formulas hold for discrete random variables with sums replacing integrals

E[X] = § Uibx (W) = § uid px. v (Ui.v)) = a a uipx v (Uj,vj)
i i P

LOTUS: E[g(X)] = § gulpx ()= & & gulpx,y(uiv))
[ ol

Ef(Y)]= & & h(vex,y Uiy
J

¥ ¥ y
E[g(X)] = @W)fx(udu= 0 AW,y (uv)dvdu
¥ ¥ _y

¥ y
Elh(Y)]= O A(Wfx y (u,v)dudv
—~+ y

A more genera version of LOTUS aso holds (GLOTUS?)

at Urbana-Champaign
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¥ y
ElgX)h(Y)]= O FWh(v)fx v (u,v)dudv
—~+ ¥y
Special case:
¥ ¥
g(xX,Y)=X +Y E[gX,V)=E[X +Y]= O O (utv)fx y(uv)dudv=E[X] +E[Y]
¥ ¥

More generally, E[aX + bY] = aE[X] + bE[Y]

¥ ¥
GGLOTUSE[G(X 1,X 5., X )] = EIgX)] = O+ O aluify (u)du
¥ ¥ o
¥ ¥
= O 0oupuz....up) X 1X 5...X n(ULU2;-- Up)dugdip... duy

E[agX 1+ apX o+ ... + a X ] = aqE[X 1] + &E[X ] + ... + 8 E[X ]
The average of asum isthe sum of the averages
This statement is true for arbitrary random variables

If X and Y areindependent random variables, then fy y (u,v) = fx (u)fy (v) and
hence E[g(X)N(Y)] = E[g(X)]E[h(Y)]
The covariance of two random variables generalizes the notion of variance

cov(X,Y) = E[(X —m)(Y —my)]
cov(X,X) = E[(X —mx)?] = var(X) = E[X?] —(mx)? = E[X?] - (E[X])?
cov(X,Y) = E[(X —m)(Y —my)] = E[XY] —mymy = E[XY] - E[X]E[Y]
If cov(X,Y) =0, then X andY are said to be uncorreated random variables
¥ ¥

E[g)N(Y)I= O O 9Whv)fx y (uyv)dudv

¥ ¥
If X and Y are independent random variables, then fy v (u,v) = fx (U)fy (v) and E[g(X)h(Y)]
= E[g(X)IE[h(Y)]
For independent random variables X and Y, E[XY] = E[X]E[Y] = mym,
var(X +Y) = E[(X +Y)Z = (E[X + Y])2
= E[X?] +E[Y?] + 2mymy — (my)? — (my)?—2memy
For independent random variables X and Y, var(X +Y) =var(X) + var(Y)
E[X + Y] =E[X] + E[Y] for arbitrary random variables
Exercise: Show that var(X —Y) = var(X) + var(Y) for independent RVs
What isvar(X + Y) for arbitrary random variables?
We need to study the concept of the covariance of two random variablesin order to find
var(X +Y)orvar(X —Y)

X andY areuncorrelated if EEXY] —mym, =0, i.e.if E[XY]=mwm, = E[X]E[Y]

If X andY are independent random variables, then E[g(X)h(Y)] = E[g(X)]E[h(Y)]
cov(X,Y) = E[(X —my)(Y —m)] = E[X —ny]E[Y —m] =0 0=0
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* Independent random variables are uncorrelated
* Independent random variables are uncorrelated
* However, uncorrelated random variables need not be independent

e Covariance=0P acertainintegral or sum equalsO

* Independence b joint CDF = product of margina CDFs
* Independence asserts that a certain property holds at every point in the plane
» Covarianceisan average over the entire plane

* Covariance= 0impliesthat the distribution is“balanced” in some way but says nothing about
the distribution values

» Example: (X,Y) isuniformly distributed on the unit circle

1 2p
e EX]= O Ouldudv= O O ircosqrdqdr=0
w2 £ 1 P =0 g=0 P

 Similarly, E[Y] =0

1 2p
« EXY]= O Olwdudv= O Olrcosqrsingrdgdr=0p X andY
22 £ 1P r=0 g=0 P
uncorrelated

* But, eyeball test showsthat X andY cannot be independent

+ Normalized version of the covariance is called the correlation coefficientr orr i y or
[(X,Y) = cov(X,Y) _ cov(X,Y)

SxSy ~var(X)var(Y)

e AEfrf£l
« Ifr =1, X andY are said to be perfectly (positively) correlated
e Ifr =-1, X andY are said to be perfectly (negatively) correlated

* Ifr =0, X andY are said to be uncorrelated
 Whatisvar(X +Y) for arbitrary random variables?
« E[X +Y]=E[X]+E[Y] = mc+my
o var(X +Y)=E[(X +Y)?3 —(E[X +Y])?
= E[X?] + E[Y?] + 2E[XY] ~ (mk)? - (my)* - 2mcmy
o var(X +Y)=E[X? +E[Y? + 2E[XY] - (k)2 — (my)2 - 2mx my
=var(X) +var(Y) + 2 cov(X,Y)
e va(X =Y)=var(X)+var(Y)—-2cov(X,Y)
» Specia casel If X andY are uncorrelated random variables, then cov(X,Y) =0
e var(X zY)=var(X) + var(Y) for uncorrelated random variables also, not just for independent
random variables. Independent | uncorrelated
« Moregeneraly, var(aX +bY) = E[(aX +bY)?] — (E[aX +bY])?
= E[&@X 2 +E[b2Y 2] +2E[abX Y] — (amy )2 — (bm, )2 — 2abmym,
= a2var(X) + b2var(Y) + 2ab cov(X,Y)
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PIVEY Ev+dvJuEX £u+du} =

var(aX +bY) = &(sy )%+ b%(sy )2+ 2abr sy sy
Seta=1sy,b=%1lsy vara—:& + i('5:2(1J_r r)
€Sy Sy9d

Variance® Oandhencel+r 2 0; 1—-r 3 O,i.e.|[r|£1
cov(aX +bY, cX +dY)=E[(aX +DbY)(cX +dY)] —(am + bm,)(cm +dmy)
= ac(E[X %] — (mk)?) +bd(E[Y?] —(my)?) + (ad + bo)(EIX Y] —myxmy)
=acvar(X) + bd var(Y) + (ad + bc) cov(X,Y)
Sincevar(X) = cov(X,X) and var(Y) = cov(Y,Y) cov(aX + bY, cX +dY)
=acvar(X) + bd var(Y) + (ad + bc) cov(X,Y)
=ac cov(X,X) + bd cov(Y,Y) + (ad + bc) cov(X,Y)
Conditional density functions
Conditional pmf of Y given X = uj is py x (vj|ui) = P{Y = vj|X = u;}

_ _ _ o PIX=unY = vid oy (UYg)
Py x (vjlup) = P{Y = vj[X =uj} = PIX = u} =~ pyl(u)
A conditional pmf isavalid pmf just like any other pmf

If (X,Y) isjointly continuous, we cannot condition on X = u because thisis an event of
probability 0 ?

PlUEX £u+du,vEY £v+adv} =P{(X,Y)] rectangleof areadu” dv}
» fxyy(U,V), du” dv

fy y(uv) du dv  _fy y(uv) du dv _fyx v(uv) dv
PlUE X Eu+ du} fy ()" du fx (u)
which does not depend on du at all!

If uissuch that fy (u) > 0, the conditional pdf of Y giventhat X =u isz|X (v|u) = W

PlVEY £v+dv[X =u} =fyx(v|u) dv
Ian|X(v|u),thevariableisv. uisjust thevalue of X. Itissome number, say 3/4

The shapeof the conditional pdf fy x (v|3/4) is the shapeof the cross-section fy v (3/4,v) of
the joint pdf surface
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v fX,Y“(u,v) /v

3/4 u
1

+ Cross-section fy v (3/4,v) of thejoint pdf isarectangle
» Thecross-section fy v (3/4,v) isnot necessarily avalid pdf because its area may not be 1
« If areaof cross-section = A, fy v (3/4,v)/A isavalid pdf

¥

« A= Q fy y(34v)dv="fy(3/4)
¥

¥

« A= 0 fx v (3/4,v)dv = fy (3/4) and we defined fy x (v[3/4) :W
¥ ' X( )

* fx(u) inthe denominator isanormalizing factor

_ [2 O<u<v<l,
« Example: fx v(u,v) = 0, elsewhere.

e fy(u)=2(1-u), O<u<l

f u,v 1
o fyx(vu) = Xf;(((u) ):1_uforu<v<1

o fyx(viu) :ﬁforu<v<l

» Thisisauniform pdf on (u,1) Note that the variableis v, and not u
* Given X =u, the conditional pdf of Y isuniformon (u,1)
» Conditional pdfsarevalid pdfs

f .
« fyx )= W

e If X andY areindependent random variables, then fy v (u,v) = fx (u)fy (v) and hence

fy x (v]u) = fy (v)
» Thisisintuitively satisfying

¥ ¥
« Theorem of total probability: fy(v) = O fx y(uv)du= O fyx (v|u)fx(u)du
—¥ —¥
University of Illinois Probability with Engineering Applications ECE 313
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¥
« Let T denote someevent. Then, P(T)= O P(T|X = u)fy (u)du
Y

« Example: P{Y £ X} =?
¥ ¥
« P{YEX}= QP{YEX[X=ux(uwdu= O P{Y £ ulX =u}fy(u)du
—¥ —¥

u
_¥f) fy jx (v|u) dv fx (u)du

|
ko w

#

u ¥ u

N N N \

« PYEX}= 0 Ofyx(M|udvfx(Wdu= O O fx y(uv)dvdu
VY, VY,

» Thecovariance of two random variables generalizes the notion of variance
« cov(X,Y) =E[(X —m)(Y —m)] =E[XY] -nmymy,
» cov(X,X) =E[(X —my)?] = var(X) = E[X?] - (E[X])?

e cov(aX +bY,cX +dY) =accov(X,X) +bdcov(Y,Y) + (ad + bc) cov(X,Y)
=acvar(X) + bd var(Y) + (ad + bc) cov(X,Y)

» For nrandom variables, covg% aXi g bjxjf = é é gbjcov(X,X;)
ei i g 1 ]

* Indeding with n random variables, matrix notation is convenient

. L:(Xl,XZ,...,Xn)

« E[X] = (EIX.E[X ... E[Xq])
. a=(aap...a)
« aX-= g aXj=aXT
i=1
* E[aX]=aEX]=a(E[X]}T
* R =n"ncovariance matrix has entries Rjj = cov(Xj, X)
* Risasymmetric positive semidefinite matrix
 Risadiagona matrix if, foral i * j, X; and X are uncorrelated random variables
» Specid case: Risdiagonal if the X are independent random variables
* cov(aX, b-X)=aRb'
« var(@X) = cov(aX ,aX) = aRa' isapositive semidefinite quadratic form in the n coefficients
8y, ay, ..., 8y
e LetY =(Yq, Yy ..., Yy =XAwhereAisann mmatrix. Then, E[Y] = E[X]A
« LetB=[Bjj] =[cov(Y;,Y;)] =m" m covariance matrix of Y
« Then, B=ATRA
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Jointly Gaussian random variables

If X isan N(n}( S )randomvarlable then its pdf isfy (u) ——fg B0 ~wheref istheunit

Sx &éSx g
- 1 %o
Gaussian pdf \/z_pexpg%ej
If X ~N(n1(,s>2<), Y ~ N(@,sz) are independent Gaussian random variables, then
1 ,08-Mo1 -Mo_ 1 el & 1aaf—rW020

fx v (uv) =fx (Wfy(v) = — L= exp +
Sx e gs Sx By gSY g 2PSxSy QZQSX a QSY g0

The pdf isaflattened bell
A contour of asurfaceisalinethrough al points at a given height above the plane

Contours of the joint pdf are ellipses centered at (rr}< , rq() defined by the equation

aa—ﬁkgz ¥y 92 = constant.
X g e>Y g
The figures on the next page illustrate the shape of the Gaussian pdf for the two cases s)2< > 53

and s>2( < 53. In both cases, the point (nk,w) =(0,0). Notice that the shapes are identical
but oriented differently with respect to the coordinate axes.
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» Thefigures below illustrate the shape of the Gaussian pdf for thecasﬁsi > s$ and s)2< < 3\2(.
Joint pdf of two independent Gaussian random variables
.2 2
(M.my) = (0,0); s5 >s§
Joint pdf of two independent Gaussian random variables
(MK, my) = (0,0); 55 <s§
University of Illinois Probability with Engineering Applications ECE 313
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X and Y aresaid to bejointly Gaussian random variablesif their joint pdf is of the form
fx v (uv) = Ceexp(-Q(u,v))

__ 1 %é'—”}(o T Ty §, My 6
d Z2
ndQuY) = 21~ 2)% Sx ﬂ r% Sx % Sy ﬂ % Sy ﬂH

where C = 1 ,
2prSY \' 1-r 2

Here the parameters have their usual meanings. m, isthe mean of X, Sx isthe variance of X
and soon. Infact, If X andY arejointly Gaussian random variables, then their marginal pdfs

. . 2 2
are also Gaussian, that is, X ~N(n3(,sx), Y ~ N(@,SY)
X andY jointly Gaussianb X andY areindividually Gaussian random variables

In the above equation, r denotes the correlation coefficient of X and 'Y, where we do not allow
r to havevalue £1 (why not?). Thus, —1 <r <+1 in the above equation.

Recdll that cov(X,Y) =rsxsSy.

and Q(u,v) simplifiesto %g _”k02 Low-my &

2ps xSy Sx @ "2 &Sy g

If r =0, then C simplifiesto

If r =0, thejoint Gaussian pdf reducesto — 1 aa—rT}(ol ?_Wg—fx(u)f\((v)

Sx & Sx Sy &Sy g

Moral: uncorrelated jointly Gaussian random variables are a so independent Gaussian random
variables. Conversely, if X and 'Y are independent Gaussian random variables, then their joint

pdf hasthe jointly Gaussian form exhibited above (withr = 0)

Thejointly Gaussian pdf is aflattened bell. The contours are ellipses centered at (my,my ), but
the axes of the ellipses are tilted with respect to the u-v axes. Thisisin contrast to the case of
independent Gaussian random variables for which the axes of the ellipses are parallel to the u-v
axes.

The next page shows the joint pdf of two jointly Gaussian random variables with equal

. 2 _.2 - —
variancesy =sg for thetwo casesr >0andr < 0. In both cases, the point (nk,w) = (0,0).

It isinteresting to compare these figures to those on the previous page
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Joint pdf of two jointly Gaussian random variables

(m¢,my) = (0, 0); S>2( =s$; r>0

Joint pdf of two jointly Gaussian random variables

(m¢,my) = (0, 0); S>2( =s$; r <0
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If X andY arejointly Gaussian random variables, then their marginal pdfs are also Gaussian

1M # 1M, &

and Q(u,v) smplifiesto R
2PSxsy sy g %Sy o

If r =0, then C smplifiesto

If r =0, the joint Gaussian pdf reducesto — 1 aei—rT}(91 s rT\(O—fx(u)f\((v)

Sx e < Sx Fy &Sy g
Moral: uncorrelated jointly Gaussian random variables are a so independent Gaussian random
variables. Conversdly, if X and Y are independent Gaussian random variables, then their joint

pdf has the jointly Gaussian form exhibited above (withr = 0)

X andY jointly Gaussan b X andY areindividualy Gaussian random variables

However, X and Y having Gaussian pdfs does NOT imply that their joint pdf must be the
jointly Gaussian pdf C-exp(—Q(u Vv))

u2 +V )

if sgn(u) = sgn(v),
if sgn(u) * sgn(v).

lustration: fy y(uv) = :8 Xp(=
| 3

4

N
NI

X andY jointly Gaussianb X andY areindividually Gaussian random variables
Conditioned on X = u, the pdf of Y isGaussian withmeanm, +r (Sy/sx)(u—my) and
variance (Sy)4(1-r 9

fx v (UV) = fy x (vu)fx (U)

BUt,fX,Y(U,V):C°eXp(—Q(u,v))—i ? rr}(0 ]_faé—do
Sx &Sx g 9600

whereg= (sy)4(1-r2)andd=m, +r (sy/sx)(u—ny) after some algebraic manipulation

fy (v]u) = cross-section of fy vy (u,v) surface at u (with areanormalized to 1)
Every cross-section of ajointly Gaussian surface is a Gaussian shape
Cross-section can be along any straight lineau + bv =c¢

If X andY arejointly Gaussian,Z = X +Y isalso Gaussian
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¥

* Tofind the pdf of Z, DO NOT attempt to usef,(a) = 0 fx y(u,a-u)du
u=—¥

* Tofind the pdf of Z, notefirstthat Z = X +Y isGaussian
* My =E[Z] =y +my

s2 = var(z) = var(X +Y) = var(X) + var(Y) + 2cov(X,Y) = 5)2( +sZ +2rsysy
* Now, we can writedown the pdf of Z asf,(a) ——f _
S7 &5z o

e Similarly, W =aX + bY isGaussianfor any aand b

s My =ark +bmy; S\ZN = var(W) = (asx )2 + (bsy)? + 2abr sy sy and we can write down the
paf
« X andY aresaidto bejointly Gaussian if their joint pdf isfy v (u,v) = Ceexp(—Q(u,v)) where

c=—1 _  and Q(u,v) = EHE o BE%OBLWLO u
2ps ><sY\/lfr2

2(1—|r2)eeS g eSy@@sygesyal
e Asr ® z1,thepdf ® ¥

* Thisisadegenerate case

* If r =1, dl the probability massliesaong astraight line

« X andY arenotjointly continuous, (Y =aX + b) and we can solve all problemsin terms of
X aone

* Updated definition: X andY are said to be jointly Gaussian if their joint pdf is of the form
fx v (Uv) = Ceexp(—Q(u,v)) or if X isaGaussian random variableandY =aX +b

e NotethataX + b isGaussian

» Anadternative definition that avoids the specia case:
X andY aresaidto bejointly Gaussian random variablesif aX + bY is Gaussian for all
choices of aand b (except thetrivial casea=b =0)

» Putsfundamental fact up front but what’s the joint pdf?

« If X andY arejointly Gaussian, thensoare W =aX + bY andZ = cX + dY for al nontrivial
choicesof a, b, c, d

* Wecan writedown the pdf by finding the means, variances and correlation coefficient
* E[W] =aE[X] + bE[Y] e E[Z] =cE[X] + dE[Y]

o var(W) = (asx)2+ (bsy)2 + 2abr sy sy

o var(Z) = (csx)?+ (dsy)2 + 2cdr sy Sy

e cov(W,Z)=cov(aX +bY,cX +dY)=acvar(X) + bdvar(Y) + (ad + bc) cov(X,Y)

= acsf( + bdsf( + 2(ad+bc)r sy sy

rwz = cov(W,Z)Afvar(W)var(Z)

* The contours of the joint Gaussian pdf are ellipses centered at (mx,nv ), but the axes of the
ellipses are tilted with respect to the u-v axes

University of Illinois Probability with Engineering Applications ECE 313
at Urbana-Champaign Fall 1997



Chapter 5 Many Random Variables 157

* Thetransformation W =X cosq+Y sing Z=-Xsdsnq+Y cosq rotates the axes by
angleq

« fw.z(a,b)isthesamesurface asfy v (u,v) except that the a-b axes are rotated by angleq
with respect to the u-v axes

» Exercise: For appropriate choice of g, the a-b axes coincide with the axes of the ellipses,

and thus W and Z are independent Gaussian random variables. Find g in terms of the means,
the variances, and the covariance of X and Y

* Multivariate jointly Gaussian distributions

*  We begin by formulating the two-dimensional Gaussian distribution in terms of matrices.

« X andY aresaidto bejointly Gaussan if their joint pdf isfy v (u,v) = Ceexp(—Q(u,v)) where

; 2 L ST T 220
C=—— — adQuy) =1, & KO o KGO, H TN
2psxsy\/1—r2 21~ )% Sx 5 &Sy &Sy B &Sy B0
. . . . é82 erSyl:I
» Thecovariance matrix of (X,Y) isdefinedto beR =g X 2
&SxSy Sya
552 —rsySyl
with inverse given by R~1= |R[ gSY X
é1SxSy Sx
* Notethat if we defineu = (u,v), then fy y (u,v) = Ceexp(=Q(u,v)) = Ceexp(-Q(u))
* Letm=(E[X], E[Y]). Wecanthuswritefy y(u,v) = Ceexp(—Q(u)) Whereczlellll2 and
| p

Q) = %(g —mR(u-mT iscalled aquadratic form.
e X =(X1,X9,...,X,) issaid to be a Gaussian vector if the X ;’s are jointly Gaussian random

variableswith pdf given by fy (u) = ‘ exp(—%(g ~ mRYu - mT)

1
(2p)"2IRM2
» Themargina pdfsof the X;’s are Gaussian with mean m and variance R;;

d COV(Xi ,Xj) = Rij
* Fundamental fact: Linear transformations of Gaussian vectorsyield Gaussian vectors
e Y =(Yq, Yo ..., Yy =XA, then E[Y] = E[X]A and the covariance matrix of Y isATRA

* Onceagain, we can writedown the pdf of the Gaussian vector Y by means of simple
calculations

» Specid casesarisewhen Rissingular. Inthiscase, ajoint pdf cannot be defined (just asin the
case of two variablesand r = £1)

* What can be doneif R, the covariance matrix of X = (X1, Xo, ..., Xp), issingular?

» Supposethat R issingular

* Then, there exists a Gaussian vector Z = (21,25, ...,Zy) With m < n and nonsingular
covariance matrix S such that X = ZB whereB ism nandR = BTS B

* Do everythingintermsof Z
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