Chapter 6 Limit Theorems

» Inthischapter, we consider various bounds on probabilities that don’t depend on specific
forms of CDF</pdfs/pmfs

» Redative frequencies and large numbers of trials
» Lawsof large numbers
* Asymptotic distributions of random variables
s PX>u}=1-F(U)® Oasu® ¥
» Given the pdf/pmf/CDF, we can find P{ X > 5} exactly
* What can be said about P{ X > 5} when we don’'t know the probabilistic description?
* Howsmal isP{X >5}?
b b

« Fundamental idea: If g(x) £ h(x) foral xT (ab), then O g(X)dx £ O h(x)dx
a a

e MarkoV'sInequality is an upper bound on P{X > a} for non-negative random variables with
finite mean m

» Markov’sInequality: If X isanon-negative random variable with finite mean m then,
foranya > 0,

P(X >a} £
a

* Thebound isuninteresting fora £ m
* Bound® Oasa ® ¥
¥ ¥
o - = ~ = ~ :i,l, u > a,
Proof: P{X >a} ao f(u)du 00 g(u)f(u)du where g(u) 0 lsewhere.
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« P{X >a}= Q guf(udu £ O h(u)f(u)du where h(u) = u/a
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- P{X >a} 50(‘) (u/a)f(u)du:;n - P[X > a}£na
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» Because the bound is so general, it can be applied when very little is known about the
distribution

» Becausethe bound is so generally applicable, it is often quite |loose
« Example: P{X > 10} £ 10~ for all random variables with average value 1
» If X isan exponential random variable with parameter 1, i.e.,, m= 1, then
P{X > 10} = exp(—10) » 454" 10° << 1071
» But, do we know the distribution of X ?
e Forl >0, the Chernoff bound usesexp| (u—a) asan upper bound on the step function g
¥
e P(X>a}t 0@ expl (u—a)f(u)du =exp(H a) E[exp(l X)]

» For exponential RV, P{X >a} £ exp(Hd a)/(1- )

* Example: A bit transmitted over adatalink isreceived incorrectly with probability p.
Toimprove reliability, each data bit is sent n times. If there are more 1'sthan 0's among the n
bitsreceived , the receiver decides that a 1 was sent. Otherwise, it decides that a 0 was sent

* Assumethat n transmissions are independent of each other
* X =number of incorrectly received bits (among n)
* X isahinomial random variable with parameters (n,p)

[} [}
. P{recdver decisionincorrect} =P{X >n/2 = A P{X=i}= A (?)pi(l—p)”‘i
i >n/2 i >n/2

*  We can compute this given any n and p. But how do we solve the problem in reverse? That
is, if we know p, say p = 1072, what should n be so that P{X > n/2} < 107°?

* The Chernoff bound is handy here. P{X >a} £ exp(H a) E[exp(l X)]

5
+ Bl )= A el (7)da-p = @-p+ et )"

e P{X>n/2} £ exp(-nl /2)(1—p+pexp(l )" for all valuesof | >0

«  Minimum value of RHSis (2V/p(1))"atl = In((1-)/p)
« For p=1072 nshould be at least 8 to ensure that P{X > n/2} < 107>,
« Chebyshev’'s Inequality: X isarandom variable with finite mean mand finite variance s 2.

2
Then, P{[X—n1* a} £°. Equivaently, P{|X-n{® ks} £iz
a
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« Chebyshev’'s Inequality: X isarandom variable with finite mean mand finite variance s2.

2
Then, P{|X-n{* a} £°. Equivalently, P{[X-{* ks} £i2
a

7 3

hou) = (U —M2/a2
a(u) w=u-m-a

I NV

ma m mra

¥ ¥
« P{|X-n]? a} = shaded area= ag(u)f(u)du £ oh(u)f(u)du
¥ ¥

¥
« P{|X—]3 a} £ ph(u)f(u)du where h(u) = (u-mZ/a?
¥

3 82
© P(Xneabe S

» Chebyshev’'sinequality is applicable in general but provides aweak bound
* One-sided Chebyshev inequalities are sometimes useful:
s? s?
e P(X3m+a}lf - —— e P[XEm-a} £
s2 + a2
e TheWeak Law of Large Numbers
X1 Xy, ..., X, denoteni.i.d. (independent identically distributed) random variables with

mean mand variance s2.
X #X gt .. +X
n

s2 + a?

. Letz= N = average of the n values

. E[Z]:iéll E[X]=m

. va(z) :nizvar(x Xt X ) =

* TheWeak Law of Large Numbersis an application of Chebyshev’sinequality to Z
* Weak Law of Large Numbers: Forany a > 0,

1 X HX L+

I| 32
P{|z-n>a} =P =

"_ W >ajf>. ® 0asn® ¥
' b na2
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 Example: Let A = event of probability p, i.e. P(A) = p. The experiment is repeated n times

X = indicator function of A on thei-th trial -1 If A occurred on i-th trial,

10, if ACoccurred on i-th trial.
« EXi]=p; var(X;) = p(1-p)
e X 1+X ot ... +X n= number of times A occurred on ntrias
2= XX+ o +X

n

« ElZ]=p; var(Z) = p(1-p)/n
* Weak Law of Large Numbers:

P{relative frequency differs from probability p by morethana} £ p(li—zp) ® Oasn® ¥
na

N = relative frequency of A

» If a issmall, we need to choosealargen
*  p(1—p) has maximum value 0.25 at p = 1/2

» Insatistical applications, theinterval [p—a, p+a] iscalled aconfidence interval; we are
confident that Z isin the confidence interval

e 1 —M orl _025 is called the confidence level, or confidence coefficient
na?2 na?
« P{|z-p|£a}=P{p-a£Z£p+a} =P{Zinconfidenceinterval} 3 1_p(17—zp)
na

= confidence level
» Confidence levels of 95% and 99% are commonly used

» If wewant high accuracy in estimating p, then we need to useasmall a

» To be confident in our “highly accurate” estimate, we must use alarge n (expensive)

» Else, we must accept alower confidence level or less accuracy

» Thereisaconfidence trick going on here

*  Werepest an experiment 1000 times and observe the relative frequency of A to be 0.483
e WhatisP(A) =p?

» Wecan't give adefinitive answer, but will give arange of valuesfor p

«  Probability theory saysthat if a = 0.1, then 0.25/1000(0.1)2 = 0.025 = 2.5% of all such
measurements of relative frequencies will be outside therangep £ 0.1

*  Werefuseto repeat the 1000 trials many times

* Wehave arelative frequency measurement of 0.483

* Wesay that we are 97.5% confident that p isin the range 0.483 £ 0.1
* Itisnot guaranteed that p isin thisrange

*  Our particular set of 1000 trials could well be among the “bad” 2.5%
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» The Strong Law of Large Numbers:

X; = indicator function of A onthei-th trial :11’ A occurred on i-th trial,

10, ACoccurred on i-th trial.

*  Werepeat the experiment indefinitely often and observe the values of the X

* Theparticular sequence that we are observing could have one of three properties:
* Therdative frequency of A convergestop

* Therdlativefrequency of A convergesto somep* ! p

* Thereative frequency of A does not convergeat al

 Example:
One 1 followed by ten O’ s followed by a hundred 1’ s followed by athousand O'’s, ...

» Therdative frequency will oscillate back and forth between nearly 1 and nearly O
e Strong Law of Large Numbers says this has O probability
» P{relativefrequency convergesto p* * p or relative frequency does not convergeat al} =0

e Xq, Xy .oy Xy ...denoteiid. random variables with mean mand variance s2. Then,
X1+X2+ +Xn 3 FH> au -0
n [ ?3
*  TheWeak Law of Large Numbers asserts that the limit of a probability isO,
viz.lim, ¢ yP(something) =0
* TheSrong Law of Large Numbers asserts that the probability of alimitisO,
viz. P(lim, g y something) =0
* TheCentral Limit Theorem states (loosely speaking) that the cumulative probability distribution

function (CDF) of the sum of alarge number of independent random variables is approximately
Gaussian.

e TheCentral Limit Theorem:

for any a > OPE;:::Iimn ® ¥

X1, Xg, ooy X1y ...denotei.i.d. random variables with mean mand variances2. Then,

] X+ Xt o0+ X, — nm U
forala, Py £ ay® F(@)asn® ¥
! svn b

¢ X #+X,+ ... +X, has mean nmand variance ns?

X+ X+ o+ X, — nm, _ . .
. is arandom variable with mean O and variance 1

svn

* ItsCDF convergesto unit Gaussian CDF as n increases
» Convergence of the CDF is much better near the central lobe than in the tails of the distribution
* Oneshould not estimate tail probabilities such as

P{X > m+ 3s} viathe central limit theorem, but estimating P{|X -] £ 3s} is OK
o Estimating a probability of 0.99999 as 0.99995 leads to avery small relative error
» Estimating the tail probability 0.00001 as 0.00005 might be disastrous!
*  One should not estimate tail probabilities via central limit theorem
» TheCDF of X ;+X ,+ ... +X,isnot converging to anything

* However, in practica use, wejust treat X ;+X ,+ ... +X ;asan N (nmns?2) random variable
*  Oneshould not estimate tail probabilities via central limit theorem
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