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Thursday, February 22, 2001
1:00 p.m. — 2:20 p.m.
161 Everitt Laboratory

Instructions:
Therearefour problems on this examination worth atotal of 125 points.

One page of notes allowed. No other notes, books, tables of integrals, and cal cul ators/personal
computers permitted.

Show al your work in the exam booklet provided. Answerswithout appropriate justification will
receive no credit.

Notation and (possibly) useful formulas

F(x) = cumulative probability distribution function for zero-mean unit-variance
(i.e., standard) Gaussian random variable

Qx)= 1-F(x)

Pej =  probability of error given that signal s(t) was transmitted

AWGN denotes additive white Gaussian noise with (two-sided) power spectral density
Ng/2. Thisrandom processisindependent of the choice of transmitted signal. The mean

of thisprocessisO.

i,l if -1/2E£t£ 1/2, i,l’ ifOEt<T,
reat(t) = % 0, otherwise. Pr(t) = % 0, otherwise.
X({) «  x(-f) x@t) « JaftXx(@a)
X)) «  X*() X(—) «  X*()
X(tg) «  X(F)exp(-j2pfty) X(exp2pfo) «  X(ffo)
x(t)cos(2pfot) «  (U)[X(F+fg) + X(FFo)] | x(t)-sin(2pfot) «  (2)[X(F+f o) — X(fFp)]
t
gt x(t) «  (j2pf)X(f) ) dt «  (2pfy~LX(F)+X(0)~d(f)/2
¥
Xxy ; \I(—¥ ¥ x¢ )oy(t—t)dt) « X(0)eY(f) X(E)ey(t) «
X )Y (- )d
¥
¥ ¥ ¥ ¥
Ox®PPdt = X[ Gy ®dt = XY (f)df
¥ ¥ ¥ ¥
¥
Ray® = G0y @ d Rey() «  Syy()=XMY* (M)
rect(t/T) «  Tesinc(fT) Wesinc(Wt) «  rect(f/W)

wheresinc(z) = %f—z isthesinc function
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(a)

(b)
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(d)
(e)

(20 points) A signal s(t) has Fourier transform S(f) as sketched below. Find s(t). In
order to receive full credit, you must specify s(t) forall t, =¥ <t <¥.
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(20 points) Theinput to alinear time-invariant system with impul se response
\lexp(—t), OEt<¥,
h(t) =1
10, t <0,

isazero-mean WSS Gaussian random process { X (t) : =¥ <t < ¥} with autocorrelation
function

Ry (t) = exp (2lt]), ¥ <t <¥.
Let {Y(t) : =¥ <t<¥} denotethe output process. What isthe variance of Y (1)?

(45 points) Consider a binary baseband digital communication system operating on an
AWGN channel with transmitted signals given by

So() = Aspr(t) and  sy(t) = A=(UT)*pr(D).
We consider the error probability performance for three receiversfor thissignal set.

Suppose that the receiver consists of alinear filter with impulse response h(t) = Aepr(t), a
sampler at time T, and the minimax threshold isused. Note that h(t) = sp(t). What isthe
minimax error probability Pe? Call this number Pg par ).

Now suppose that the receiver filter is h(t) = A«(t/T)epr(t), while the sampling time remains
T as before, and the appropriate minimax threshold is used. Note also that h(t) = s;(t).
What is the value of the minimax error probability Pe? Call this number Pe pary(p)-

What is the optimum minimax error probability achievable with signals sp(t) and s;(t)?
Y ou are not asked to compute the impul se response of the matched filter, or the minimax
threshold, or ... for thisreceiver. | just want to know B, Call this number P par(c)

Compare probabilities P nart(a), Pepart(b) @d Pe part(c) to determine which isthe smallest.
Do ONE of the following three parts as appropriate:

(1) If you found that Pe oyt part(c) O Pepart(b) < Pepart(c) (Or both!!) explain
why the matched filter recelver of part (c), whichis supposed to be optimum, has
poorer performance than the receiver of part (a) or the receiver of part (b).

(if)  If youfound that P > Pe part(c) @Nd Pe part(t) = Pepart(c) explainwhy a
receiver with filter h t) = s1(t) has better performance than a receiver with filter
h(t) = (D).

(iif)  If you found that Pgpart(a) 3 Pepart(c) @ Pepart(h) > Pe part(c), draw aneat sketch
of the signals (t) and (1), and the impul se response of the matched filter of the
receiver of part (c), all on the same axes (for ease of comparison).
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4.
(a)

(b)
(c)

(d)

(e)

(f)

(40 points) Let (t) and s;(t) denote two signals of finite energies Eg and E; respectively.
What is the optimum minimax error probability achievable with these signalsin an AWGN
channel?

Now suppose that sy(t) and s;(t) are represented as points sg = (Co,Co1) and S, = (C10,C11)
inasigna space with orthonormal basis functions{y (t), y 1(t)}. Do NOT assume that

y o(t) andy 1(t) were obtained via a Gram-Schmidt orthonormalization procedure, that is,

do not assume that s(t) = cyp*y o(t) and thus gy; = 0; none of ¢y, Cp1, C10.and Cq1 IS
necessarily equal to O.

Let dy; denote the distance between sy and s1. Express the optimum minimax error
probability in terms of dyq, Ng (and components Cyg, Co1, C10, C11 Of Sg and sq if needed).
Let dy and d; denote the distances of sy and s, respectively from the origin 0 = (0,0). Let
g denote the angle between the straight line through sg and O and the straight line through

s1and 0. What iscosq ? Expressyour answer in two different forms: in terms of dy and
d; (and ¢y, Co1, C10, C11 If Needed), and in terms of Eg and E; (and ¢y, Co1, C10, C11 if
needed

In atriangle, any side can be expressed in terms of the other two sides and the angle
between these other sides. For example, in the triangle ABC shown below,

C

c
A B
c2 = & + b% — 2easbecos C, and similarly for sidesaand b. Use thisresult to derivea
relationship between dyq, dg, and d4 and thus show that the argument of Q(e) that you
obtained in part (b) isthe same as the argument of Q(*) that you obtained in part (a).

What choice(s) of sg and sq will minimize the optimum minimax error probability and what
isthis minimum value of the optimum minimax error probability? Do not forget that the
signals are constrained to have energies Ej and E; respectively. Drawing a sketch will help
you think through this problem.

Let usreturn to the case of arbitrary points s and s4 at distance dg; apart, and representing
signals sp(t) and s;(t) of energies Eqp and E; respectively. Bear in mind that sg and s, are
not necessarily in the locations that you described in your answer to part (€).

Consider amodified receiver that works asfollows. If the received vector r = (rg,rq) is

within distance dq;/2 of one of the signal points Sg and s1, the receiver decides that that
signal was transmitted. If neither signal point iswithin distance dg;/2 of r, the receiver

asks the transmitter to re-send the signal. Fori =0, 1, let G denotethe set of al r for

which the decision isthat s; was transmitted, and note that &, and G; are digoint sets but
their unionisnot the entire plane.
(1) Draw asketch illustrating the decision regions & and G;.
(ii)  Showthat P(r T Gy| so(t) transmitted), the probability that the receiver correctly
decides that sp(t) was transmitted when so(t) wasin fact transmitted, equals
1- exp(—d012/4No).



