University Final Exam ECE 361

of lllinois Friday, May 11, 2001 Spring 2001
8:00 a.m — 11:00 a.m.
Instructions: 200 points

Two pages of notes allowed. No other notes, books, tables of integrals, or
calculatorg/personal computers permitted.

- . . . _ 1 é 1fx-m\2l _

Notation:  Gaussian dengity function:  f(x) = s\/2_p eXp; 2( S ) . ¥ <X<¥,

F(x) = cumulative probability distribution function for standard Gaussian random variable
QXx)= 1-F(x)

AWGN denotes additive (zero-mean) white Gaussian noise with power spectral density Ng/2.
This random process is independent of the choice of transmitted signal.

Pej = probability of error given that signal s(t) was transmitted
- . . . _ L . r2 b
Rayleigh dengity function:  f(r) = S2 expg%d r>0.

2p
2 72, .
Rician density function: f(r) = S—rz -IO(;—AZ) -expézo"%% r> 0, where lg(x) = 2Toocgaxp(x-cosq) dg

Some mor e-or -less useless facts:
cos(A + B) = cos(A)cos(B) —sin(A)sin(B) sin(A+B) = sin(A)cos(B) + cos(A)sin(B)
2c0s%(A) = 1 + cos(2A) 2sin?(A) = 1 — cos(2A)
atT atT T
If f.T >> 1, then (‘gosZ(prCt)dt » (‘;in2(2pfct)dt » T/2 and cgos(2pft)sin(2pft)dt » O,
a a a

with exact equality holding in both casesif f.T is an integer.

11 if -1/2EtE£ 1/2, \11, ifOEt<T,
t) = t) =
rect(t %O, otherwise. pr(t) %o, otherwise.
X «  x(-f) x@t) « Jaftx(@i)
X*() «  X*(-) X*() «  X*(f)
X(t-t) «  X(f)-exp(-2pfty) x(t)-exp(2pfot) «  X(fHo)
x(t)cos(2pfot) «  (M)[X(F+fp) + X(FF)] | x(O)-sinpfot) «  (2)[X(F+fo) — X(FFp)]
t
gt X(t) «  (j2pf)X(f) ) dt «  (2pf)~LX(F)+X(0)-d(f)/2
Y]
¥ ¥
Xxy = X(t)ey(tt)dt « X(F)eY () X(ey(t) « oX( )Y (- )d
¥ ¥
¥ ¥ ¥ ¥
ax®lPde = X[ GOy Mdt = X(EY” (F)df
Y, Y, ¥ Y,
¥
Rey(® = B0y 0 Rey() «  Sxy(H)=XOY*®
rect(t/T) «  Tesinc(fT) Wesinc(Wt) «  rect(f/W)

where sinc(z) = %f—z is the sinc function
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(a)
(b)

(c)

(d)

(e)

(60 points) A 2-dimensiona 8-ary signal constellation is shown in the left-hand diagram
below where 4 signals are a QPSK signal set lying on acircle of radius rg while the other 4
signalsare a QPSK signal set lying on acircle of radiusry. The QPSK sets are rotated by
p/4 with respect to one another. The signals are equally likely to be transmitted.

Express B, the ener gy per bit, of thissignal set in terms of rg and rq.

Now, suppose that ro = 1 isfixed. Then, for two values of rq, the signal constellation
formsa QAM signa set (or aQAM signdl set rotated by p/4). What are these values of r{?
(Hint: one value of rq issmaller than 1 and the other is larger than 1)

Next, suppose that rg = ry =\/E, so that the signal constellation is 8-ary PSK asillustrated
in the diagram on the right above. On an AWGN channel with power spectral density
Ng/2, what is the near est-neighbor s approximation to the symbol error probability?

State clearly which of the four statements (i)-(iv) below istrue:
the answer that you gave in part (c) is
(1) the exact value of the symbol error probability
(i) anupper boundon the exact value of the symbol error probability

(iii)  alower bound on the exact value of the symbol error probability
(iv)  neither an upper bound nor alower bound, but just an approximation to the
exact value of the symbol error probability

Continue to suppose that ry = r; = \/E, so that the signal constellation is 8-ary PSK
operating on an AWGN channel with power spectral density Ng/2. Assume that 3 data bits
b = (bgb1b,) are mapped to the 8-PSK signal set using a Gray code as shown in the right-

hand diagram above, and let 6 = (Bb,6,) denote the receiver output.

Find P{Bg* by |b =000} and P{Bg* by |b =001}. Usetheseresultstofind P{By* bg} .
Find P{B; * by |b =000} and P{6;* by | b =001}. Usetheseresultstofind P{H; by}.
Find P{b,* by |b =000} and P{b,* b, | b = 100}. Usetheseresultsto find P{B,* by} .
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(a)

(b)

(c)

(50 points) An MSK signal consists of RF pulses of duration T at frequency f. + 1/(4T)
or fo— 1/(4T) (depending on the data bits being transmitted). Assumethat f.T isan integer.
Consider the RF pulse Aepr(t)ecos(2p[f—1/(4T)]t) passed through a narrowband filter with
impulse response h(t) = 2epy(t)scos(2p[f+1/(4T)]t). Caculate the complex envelope of the
filter output with respect to a“ center frequency” or “carrier frequency” of f1 = f+1/(4T),
and show that the output pulse can also be expressed as
(2AT/p)*por(t)esin(pt/2T)ecos(2pf ).
Remember to use the narrowband approximations (and the trignometric identities on the
cover page of the exam!) in your calculations...

Now suppose that two successive RF pulses of the type considered in part (a) are passed
through thefilter. The output pulse thus has duration 3T.

Use linearity and superposition together with the result claimed in part (@) viz. thefilter
output is (2AT/p)epor(t)esin(pt/2T)ecos(2pf ) to deduce the output of the filter when the
input is

A ()2epr(t) + (1) %+pr(t-T)] «cos(p[fL/(AT)]H).
You need to specify the output during the timeinterval [T,2T) only.
How isthe frequency of thefilter output signal during thetime interval [T,2T) related to the
databits g and &?

Note that the filter input isjust astandard binary PSK signal at carrier frequency f—1/(4T)
but the output (during [T,2T) isan MSK signal. This method of filtering a PSK signal at
carrier frequency f—1/(4T) through anarrowband filter with center frequency f+1/(4T)
provides an aternative way of generating an MSK signal.

(40 points) A signal x(t) has Fourier transform as shown. Findall signaling intervals T
for which x(t) isaNyquist pulse. Hint: the convolution of two rect()sis atrapezoid.

X(f) &

—7/8 5/8 318 -1/8! 1/8 38 58 7/8
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4. (50 points) A PPM system operating on an AWGN channel uses signals
so(t) = V2A=pr/o(t)ecos(2pft+q)
51(t) = V2Aeprp(t-T/2)-cos(2pft+a)
wheref.T isalarge eveninteger and q is unknown.

A noncoherent correlation receiver for this signal set is shown below where the integrator
outputs are sampled at integer multiples of T/2. The diagram indicates the state of affairs at
timeT. Note that the integrator isdumped (that is, its output isreset to 0
and theintegration isre-started) at the end of each T/2 second period. The
decision is made once every T seconds.

Sample every T/2 seconds U
(kD)T/2 11—
—»?—» o, [ > o
T/2 —
L_—».:..D 72 ©> -
2ecos(2pf ) i U + >
—»> c 0 —
1
Sample every T/2 seconds V. I
RGP l— —
—»?—» o, > 0O
T/2 +
| Delay T72 0 —»
—2esin(2pfd) V

0

As shown, U and Vg denote the sample values at timet = T/2 and U 1 and V 1 denote the
samplevalues at timet = T. The receiver computes{ (U )2 + (V)3 —{(U7)2 + (V)3
and decides that sy(t) was transmitted if this quantity is positive.

(a)  Explain why s(t) and s;(t) are orthogonal over theinterval [0,T] even though they are at
the same carrier frequency f. and have the same RF phase g.

(b)  Compute the means and variances of U, Vo, U1, and V1 conditioned on sy(t) being
transmitted and q = p/4.

(c)  Use theresultsof part (b) to state the error probability of this receiver in terms of one or

more of the parameters A, T, f., q and Ng. You arenot asked to provide a derivation of
your answer viaintegration of pdfs etc.



