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Instructions:
Therearefour problems on this examination.

One page of notes allowed. No other notes, books, tables of integrals, and cal culators/personal
computers permitted.

Show all your work in the exam booklet provided. Answers without appropriate justification will
receive no credit.

i1l ifOEt< |,
Notation: Forl >0, p () =]

1
i
fo otherwise.

F(x) = cumulative probability distribution function for standard
(zero-mean unit-variance) Gaussian random variable

QXx)= 1-F(x)
Pej =  probability of error given that signal s(t) was transmitted

AWGN denotes additive (zero-mean) white Gaussian noise with power spectral density
Ng/2. Thisrandom processisindependent of the choice of transmitted signal.

Some mor e-or -less useful facts:

2:Cc0s?(X) =1+ cos(2x) 2esin?(x) = 1 — cos(2x)
cos(xty) = cos(x)cos(y) —sin(x)sin(y) sin(x+y) = sin(x)cos(y) + cos(x)sin(y)
rect(t/'T) « Tesinc(fT) and  Wesinc(Wt) « rect(f/W) where sinc(x) = Sin(px)

PX
cos(2pfd) « [d(f+fo + df—fJ]/2  sin(2pfd) « j[d(f+f) —d(—f)]/2

2.
Rayleigh density function:  f(r) = Lz . expaig r>0
s

&s2y

Rician density function: fn)=— -Ioza&o-expg—0 r>
s2

& 2
2p

where I(x) = 2Tooc‘)exp(x-cos q) dq

1. (35 points) Let {b¢} denote a sequence of independent data bits each likely to take on
values 0 and 1 with equal probability. This sequenceisto be transmitted over an AWGN
channel at the (Sow!) datarate of 0.5 bit/second using energy E per bit.

Consider first abinary communication system using the signal

¥
& \Eepy(t—2k—by)
k=—¥

(a)  Sketchthefour possible signalsthat can be observed in thetimeinterva [0, 4).
Consider next a4—ary communication system using the signal

¥
) _§I_¥\/2_E'p1(t — 4k — bk — 2bok+1)
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(b)
(c)

(d)
(e)

(a)

(b)
(c)

(d)

(a)

(b)

Sketch the four possible signals that can be observed in the time interval [0, 4).

State the bit error probabilities of these two communication systems. Which has larger bit
error probability?
Compare the bandwidth required to implement these communication systems. Which hasa
larger bandwidth?

Write an expression similar to the ones above for the transmitted signal in a communication
system using 8-ary orthogonal signaling with (positive) rectangular pulses. The datarate
must be 1/2 bit/second and the energy per bit must be E (just as with the two systems
discussed above.) What isthe bandwidth required for thissignal set? What is the peak
power requirement compared to the binary and 4-ary systems described above?

(35 points) A zero-mean wide-sense-stationary narrowband random process{ N (t)} has
power spectral density Sy (f) as shown below (not to scale). The quadrature components
of { N (t)} with respect to the center frequency f. = 1 kHz are given by

N (t) = X (t)*cos(2p(1000)t) — Y (t)ssin(2p(1000)t)
where{ X ()} and {Y (t)} are low-pass processes.

s,

20
= : o) |
| 1 | T >

|
-1010 -990 990 1010

Find the autocorrelation function Ry (t) of the process by computing the inverse Fourier
transform of Sy (f).

Find the power spectral density Sy (f) of the random process{ X (t)}.

Find the autocorrelation function Ry (t) of the random process { X (t)} by computing the
inverse Fourier transform of Sy (f).

Find the autocorrelation function Ry (t) of the random process { X ()} viatheintegral
¥

formula Ry (t) = 2 ¢ (f)*cos(2p(f-1000)t)df and compare to your result in part (c).
0

(30 points) For O£t £ 2T, aQPSK signal isgiven by

VEITs[(-1)®scos(2pf &) — (<1)2esin(2pf L)].
An optimum coherent receiver for thissignal (inan AWGN channel) useslocal reference
carriers 2ecos(2pft) and —2esin((2pf ) that are derived from asingle VCO source via
phase delays (as described in class and in homework.)

State the bit error probabilitiesin the | and Q branches of the optimum receiver in terms of
one or more of the parametersE, T, f,, and Np. You arenot asked to provide adetailed
analysis of how you obtained this result.

Now suppose that due to phase-tracking errorsin the PLL and component imperfectionsin
the phase-delay circuitry, the local reference carriers are actually 2ecos(2pft+q) and
—2esin((2pft+y) whereq andy are small compared to p/2.

What are the error probabilitiesinthe | and Q branchesif ag=0and & = 1?
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4. (25 points) A PPM system operating on an AWGN channel uses signals
so(t) = V2A=pr/o(t)ecos(2pft+q)
51(t) = V2Aeprp(t-T/2)-cos(2pft+a)
wheref.T isalarge eveninteger and q is unknown.

A noncoherent correlation receiver for this signal set is shown below where the integrator
outputs are sampled at integer multiples of T/2. The diagram indicates the state of affairs at
timeT. Note that the integrator isdumped (that is, its output isreset to 0
and theintegration isrestarted) at the end of each T/2 second period. The
decision is made once every T seconds.

Sample every T/2 seconds U
(kD)T/2 11—
—»?—» o, [ > o
T/2 —
L_—».:..D 172 0° -9
2¢cos(2pf 1) i U + >
—> c 0 —
1
Sample every T/2 seconds V. I
(k+D)T/2 1 > —
—»?—» o, > 0O
T/2 +
. 0 —
—2esin(2pfd) V

0

As shown, U and Vg denote the sample values at timet = T/2 and U 1 and V 1 denote the
samplevalues at timet = T. The receiver computes{ (U )2 + (V)3 —{(U7)2 + (V)3
and decides that sy(t) was transmitted if this quantity is positive.

(a)  Explain why s(t) and s;(t) are orthogonal over theinterval [0,T] even though they are at
the same carrier frequency f. and have the same phase q.

(b)  Compute the means and variances of U, Vo, U1, and V1 conditioned on sy(t) being
transmitted and q = p/4.

(c)  Use theresultsof part (b) to state the error probability of this receiver in terms of one or

more of the parameters A, T, f., q and Ng. You arenot asked to provide a derivation of
your answer viaintegration of pdfs etc.
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1.(a), (b) Thefour possible signals are as shown below.

(c)

(d)

(e)

2.(a)

4 b=b=0 i} .:A
CE o2 by=b,=0
> >
. by=1,b,=0 )
CE Q2E bO: 1,b1:0
> >
3 by=0, b= 1 :
CE o CPE by=0,b;= 1
> >
by=b, =1 .
CE 0" QPE p=p=1
> >

The first system uses binary orthogonal signaling with energy E per bit and hence its bit error probability
is Q(\/ E/Ng). The second system uses 4-ary orthogonal signaling with symbol energy 2E per symbol, and
hence, according to aformula discussed in class, its bit error probability is given by

¥ ¥
[ﬁ] *Pe s = (213)°Pg s = (2130 (JIF (X2 (X)°F (xM) dx£ 20 () ()°F (X—\/Fl\lo)dx
¥ -¥

= Q(\/ZE/NO) where we got the upper bound by replacing F (xX) with 1 and then interpreted the integral as
P{X <Y} whereX andY areindependent N(\/4E/N0,1) and N(0,1) random variables. Since

Q(\/ZE/NO) << Q(/ E/Np), we can be sure that the first system has larger bit error probability for large
E/Ng. However, for very small E/Ng, binary orthogonal signaling can achieve asmaller bit error rate.

From the figure above, it seems reasonable to assume that both systems use the same bandwidth. Note that
the Landau-Pollak theorem states that there are roughly 2W Ty orthogonal signals of limited duration T g

and roughly limited bandwidth W(y. Thefirst system needs 2 orthogonal signals of duration 2 seconds

while the second needs 4 signals of duration 4 seconds. Thus, both systems could be implemented in the
same bandwidth of W » 1/2 Hz.

The 8-ary system uses orthogonal signaling to transmit 3 bits. Hence, the symbol energy is 3E per
symbol, and the "symbol duration" is 6 seconds. Since 8 PPM pulses must fit into 6 seconds, the pulse

duration must be 0.75 second, and the pulse amplitude must be 2\/_E. Thus, the signal is
¥

[¢]
& 2VEwpy 75(t - 6k — (bak + 2b3ke1 + 4b3ks2)+0.75)
k=-¥
Note that the 8-ary signal set needs 8 orthogonal signalsin 6 seconds, so that the bandwidth required is
» 2/3 Hz which islarger than 1/2 Hz! Thisillustrates the bandwidth expansion required for M-ary
orthogonal signaling. Also, the signals (both the 4-ary set as well as the 8-ary set) need more peak power
for transmission than binary signaling at the same bit rate. Thisis a characteristic of PPM signaling.

¥ 1000 1010 . .. 1000 . .. 1010
RN() = (Fu(Demi2pftidf =2 glocos2pft)df +2 _@orcos2pftya = 10-SEPTT 7, 50, Sn(2RI0L
990 1000 Pt 1 990 Pt 11000

_ 108 n(2p(1000)2t—si N(20(990)0) , 0,8 n(2p(1010)tﬁsi n(20(1000)0)

= 20°[cos(2p(995)t) + 40-cos(2p(1005)t)]~m%pti§m = 200°[cos(2p (995)t) + 2¢cos(2p(1005)t)]sinc(10t).
Quick check: Ry (0) = areaunder Sy (f) = 600 according to both our formulaand the given picture.
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(b)
(c)
(d)

3.(a)

(b)

4.(a)

(b)

(c)

An alternative derivation of the same result uses the inverse transform Wesinc(Wt) «  rect(f/W). Note that
SN () = (1/2)+[G(f-995) + G(f+995)] + (1/2)+[2+G(f—1005) + 2+G(f+1005)] where G(f) = 20erect(f/10) has
inverse transform 200-sinc(10t). Hence Ry (t) = 200+[cos(2p(995)t) + 2ecos(2p(1005)t)]»sinc(10t) by the
modul ation theorem.

With f, = 1 kHz, Sy (f) = SN(~1000) + Sy (f+1000), Il < 1000, 15, s, () = 30erect(f/20).
70, otherwise.
Ry (t) « Sy (f) = 30erect(f/20). Since Wesinc(Wt) « rect(f/W), we get that Ry (t) = 600esinc(20t).
¥ 1000 1010

Ry (1) = 2 ($n ()oos(2p (f-1000)t)dlf = 2 510cos(2p (f—1000)t)df + 2 (R0~cos(2p(f-1000))ci
0 990 00

10

_ 10-sin(2p(f-1000)t)i %% 20-sin(2p(t-1000)t)i ***°
pt T 990 pt 11000
The energy in each sinusoid is (E/T)«(1/2)«2T = E. With antipodal signaling and an optimum receiver, the

error probability in each branch is thus Q%\/Eﬁ.
e\ Nog

= 600esinc(20t) just asin part ().

Sinceag = 0 and & = 1, the received signal isV E/Te[cos(2pft)+sin(2pft)] and the signal output in the |
2T

branchis ( E/Te[cos(2pft)+sin(2pft)]«2ecos(2pft+a)dt = v E/T2Te[cosq — sin g] where we have used
0
the identities 2ecos(A)+cos(B) = cos(A+B) + cos(A—B) and 2esin(A)cos(B) = sin(A+B) + sin(A-B) and

ignored the double-frequency terms. Note that we would have had cosg+sin qif a; = 0. Similarly, the Q
2T

branch signal output is— (\)/E *[cos(Z2pft)+sin(2pft)]e2esin(2pft+y )dt = NV E/T2Te[siny + cosy].
0

2T 2T
The noise variance in either branch is (N/2) (§+cos’(2pfct+a)dt = (Ng/2) (§esin®(2pfet+a)dt = 2NgT.

0 0
Hence, the error probabilities are Qiﬁ\/jE +[cos gsin g]Qin the branch and Q@\/EE *[cos y +sin y]O
e\ No a e\ Np @
in the Q branch.

The signals are orthogonal because the baseband signals py/»(t) and pr/»(t=T/2) have non-overlapping
support, i.e. so(t)s;(t) = O for al t.

Given that sy was transmitted andq = p/4, U, Vg, U4, and V ; areindependent Gaussian random variables
with common variance

N T/2 N T/2 N T N T T
s2=27 (§rcos’(2pfet)dt ==, (Jesin®(2pfet)dt == (Jeco(2pft)dt =2 Fesin®(2pft)dt=—-.
0 0 T2 T/2
T/2

E[Ug] = (\)/_ 2A«cos(2pf t+p/4)e2+cos(2pf t)dt = \/_ZA-(TIZ)-cos(p/4), E[U1] =0 (nosignal in (T/2,T)!!
0

T/2
E[Vgl = (‘)/_ 2A=cos(2pft+pld)e(—2)esin(2pf t)dt = \/_ZA-(TIZ)-si n(p/4), E[V 1] = 0 (no signal in (T/2,T)!!
0
Thisis noncoherent demodulation of orthogonal signals, and the error probability is (1/2)-exp(—(Ao)2/4s 2)
where (Ag)? = (E[Ug])? + (E[V gl)? = 2A%(T/2)? = A?T?/2. Hence, Py = (1/2)+exp(-A%T/4Ny) =
(1/2)+exp(—E/2N) since the energy in each pulse of rms amplitude A isE = A2(T/2).



