
Chapter  12

Automatic Test Generation for
Combinational Circuits

12.1 Introduction

The yield of a manufacturing process is the fraction of fault-free products. The yield
of IC fabrication processes varies widely and is sometimes lower than 50%. In similar
cases, less than one in two fabricated circuits is functioning properly. If DL is the
defect level, i.e., the fraction of defective parts after testing, Y is the yield, and T is
the fault coverage of the test (1 for a perfect test and 0 for a totally ineffective test),
then it can be shown that, under some simplifying assumptions,

For a yield of 50% and a coverage of 90%, this formula gives a defect level of 6.7%,
which is much larger than what is normally acceptable (hundreds of parts per million).
Testing is therefore essential to insure the quality of a product and tests must be of
high quality.

There are two fundamental methods of testing a circuit:

Functional testing;

structural testing.

In functional testing, few or no assumptions are made on the failure mechanisms and
the possible faults. Moreover, in pure functional testing, no assumptions are made on
the structure of the circuit under test (CUT). Functional testing, as the name implies,
is concerned with verifying that the CUT performs as expected in most (ideally all)
situations. Structural testing, on the other hand, is based on an assumed fault set.
It consists of verifying whether any of the faults in the set is actually present in the
CUT. The faults that are considered are alterations of the structure of a fault-free
circuit, hence the knowledge of the structure of the CUT is essential in this form of
test.

In the following we concentrate on structural testing of combinational circuits.
We choose structural testing over functional testing, because it is better at generating
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high-quality tests. We limit ourselves to combinational circuits to keep our present-
ation simple. However, in so doing we shall be able to examine many important
concepts that apply to sequential testing as well. Finally, we shall consider circuits
composed of simple gates (NAND, NOR, AND, etc.). This assumption is also made
for the sake of simplicity. We shall see how to generate a test for a given fault and
we shall see how test generation relates to logic optimization.

12.2 Faults and Fault Models

Faults in electronic circuits may be due to many different failure mechanisms, e.g.,
shorts, defective soldering, wrong value of the transistor threshold voltage. At the
logic level one tries to give an abstract representation of the effects of a fault on the
behavior of a circuit. In the case represented in Figure 12.1, the short between the
input lead of the inverter and ground causes the input to be stuck at the value 0. The
short-circuit is thus represented at the logic level as a stuck-at-0 fault at the input of
the inverter.

There are many possible fault models, of which the single stuck-at-0/1 fault model
is the most commonly used. Not all faults can be modeled as stuck-at faults. However,
a good test for stuck-at faults usually detects many faults of other types too. When
the single stuck-at fault model is used, the faults are single gate terminals stuck at
either 0 or 1. Notice that more than two faults are defined for a single wire, if the
wire drives multiple gates. This is illustrated in Figure 12.2. The faults on the stem
are distinguished from the faults on the branches of the fan-out tree. Because of this,
the total number of faults is2N, where N is the number of gate terminals. However,
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the number of faults to be actually considered can be reduced thanks to the following
definition.

Definition 12.2.1 Let and be two faults of a circuit C. Let F be the function
performed by C when no fault is present. Let and be the functionsperformed
by C in the presence of and respectively. Then faults and are equivalent
if and only if

If faults are equivalent, it is sufficient to generate a test for one of them, in order
to cover all of them. The two typical examples of equivalent faults are given in
Figure 12.3. In the example to the left, we see that all stuck-at-0 faults at the terminals
of an AND gate are equivalent. Suppose that a stuck-at-0 fault is present at one
input of the AND gate and that we cannot observe the faulty input directly (it is not
a primary output). As a result of the fault, the output is forced to 0. Since we do
not observe the faulty input, we cannot tell whether the fault is on the input or the
output of the gate. In the example to the right, we see that, if there is no fanout, the
faults at the output of the NAND gate are equivalent to the faults at the input of the
inverter.

In the case of a two-input OR gate, the three stuck-at-1 faults are equivalent. The
three stuck-at-0 faults, on the other hand, are not equivalent. In general, finding all
pairs of equivalent faults is difficult. However, applying the two criteria illustrated
in the previous examples is straightforward and identifies most equivalent faults. We
call the process of identifying equivalent faults fault collapsing, and we shall assume
in the sequel that fault collapsing is performed prior to test generation.

It is obviously possible to consider multiple stuck-at faults. A multiple stuck-at
fault consists of the simultaneous presence of several single stuck-at faults. The main
problem with multiple faults is their number. Given M possible fault sites, there are

multiple stuck-at faults. In the following we only consider single faults.
We conclude this section with two additional remarks on fault equivalence. First,

the faults on the stem of a fanout tree are not equivalent, in general, to the faults on
the branches. This is why we consider them separately. Second, there is a special
case that deserves consideration. Suppose that fault is such that it does not alter
the behavior of the circuit; that is, Then such a fault is untestable or
undetectable. We sometimes call an untestable stuck-at fault redundant, because it is
always associated with a redundancy (redundant gate or connection) in the circuit1.

1Note that a connection may be redundant with respect to the logical operation of the Boolean
network, and yet be critical to the performance of the gate (see Figure 12.23 on Page 491)
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12.3 Automatic Test Generation

In this section we present a procedure to generate a test for a given stuck-at fault
in a combinational circuit. A test for a stuck-at fault in a combinational circuit is
simply an assignment of zeroes and ones to the primary inputs of the circuit that
causes different outputs in the good and in the faulty circuits. Such an assignment
is called an input vector or vector, for short. There are many methods to generate
tests for combinational circuits. Some of them are called algebraic, because are based
on the algebraic manipulation of the expressions representing the functions of the
circuits. Other methods, including the one that we shall examine, are called topological
because they deal with the gates and their interconnections, i.e., with the topology
of the circuit. Topological methods are based on intuitive concepts and can be very
efficient. All methods are referred to as ATPG methods, where ATPG stands for
Automatic Test Pattern Generation.

12.3.1 Excitation and Sensitization

Consider the simple circuit if Figure 12.4. Suppose we want a test for the stuck-at-1
fault on input It is clear that must be 0 in our test. If not, the output of G1
would not depend on the presence of the fault. The general form of this elementary
observation is the following: A test must excite the fault, that is, must cause the value
complementary to the faulty value to appear at the fault site.

Proceeding in our example, let us consider what would happen if we set to 0:
The output of G1 would be 1 regardless of the other input. Once again, we would not
be able to detect the fault. Hence, must be set to 1. By a similar argument, must
be set to 0. The only test for our fault is thus 101. The assignment sensitized
the output of G1 to the value on Similarly, the assignment sensitizes the
output of G2 to the value on Together, the two assignments create a sensitized
path that connects the fault site to the output of the circuit. A sensitized path is a
sequence of gates such that their outputs are sensitized to the presence of the fault.

In general, a test for a fault must sensitize at least one path from the fault site
to one of the primary outputs of the circuit. We can therefore divide test generation
in two tasks: Excite the fault and propagate it to the outputs by sensitizing one or
more paths.

Consider now the circuit of Figure 12.5 and suppose that we want to generate a
test for the stuck-at-0 fault on This time the excitation condition requires that
be 1 in the fault-free circuit. However, is not a primary input and we must work
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our way backwards. In this simple example, we easily see that our goal of setting
to 1 can be achieved in several ways. We can set either or to 0, or both.

The sensitization of a path to the output requires Also in this case, we
have to proceed backwards until we find primary inputs. We find that is
the only assignment that produces In conclusion, we have found three possible
tests for our fault: 0011, 0111, and 1011.

In general we shall be content of finding one test only, but in this example we
want to emphasize that there may be several tests for one fault. In this case, we found
multiple excitation conditions and a unique sensitization condition. It is possible to
have multiple sensitization conditions as well.

The other important remark on this example is that in general, the excitation and
sensitization conditions give us assignments to internal nodes of the circuits and we
have to derive suitable primary input assignments that will produce those internal
values. This may not be always possible, as illustrated by the next example. Let
us consider the stuck-at-1 fault on the input ofG2 driven by in Figure 12.6. The
fault is excited if and only if However, thesensitization of G2 requires
which in turn implies Hence the two requirements are contradicting. We
conclude that there is no test for our fault.

Two important remarks are in order here. First, the circuit of Figure 12.6 is
redundant. One can easily verify that equals 0 identically. It is a general truth that
an untestable stuck-at fault corresponds to a redundancy in the circuit. If a
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fault is untestable at node then replacing by the constant value will not change
the behavior of the circuit. Otherwise there would be a test. The circuit after the
replacement is simpler than the original one. The connection between redundancy and
untestable faults will be discussed in Section 12.4. Notice that the stuck-at-1 fault on
the stem of is also untestable, while the stuck-at-1 on the input of G1 connected to

is testable.
The second remark is that the conflicting requirements on the value of in our

example derived from the fact that we reached through two different paths. It is
true in general that such a condition may occur only in the presence of nodes with
multiple fanout (in this case itself). More specifically, the trouble is caused by paths
that have a common source (e.g., ) and a common sink (in this case gateG2). This
situation is given the name of reconvergent fanout. It is safe to say that reconvergent
fanout is the root of all evil, as far as test generation is concerned.

Not all conflicts indicate that a fault is untestable. We have seen that sometimes
excitation and sensitization conditions may be satisfied in different ways. If at some
point we make an arbitrary decision between two choices and later come to a conflict,
we have to return to the point where we made the choice and try the alternative.
Consider, for instance, the circuit of Figure 12.7. The excitation conditions give

Sensitization requires Looking at G3, we see that there are two
ways of achieving that. Suppose we initially choose to set to 1. In order to get a
1 on we need a 0 on This conflicts with the previous requirement that be 1.
This conflict, however, does not indicate that the fault is untestable. It just says that
we cannot achieve sensitization by setting to 1. We have to reverse our decision
and try We then succeed and 111 is our test. Returning on one•s step and
reversing a previous choice is called backtracking.

Even though in this case it was apparent that was a better choice, on larger
circuits it may be difficult to avoid wrong choices that have to be reversed. Indeed,
the difference between various algorithms for test generation often lies in their abilities
at guessing the right choice and avoiding as much backtracking as possible.

We conclude this section by recalling some useful facts and introducing some
notation. AND, OR, NAND, and NOR gates have a controlling value. The controlling
value is the value that, when present on at least one input, forces the output to a
known value (the controlled value). For instance, the controlling value for AND and
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NAND gates is 0. For OR and NOR gates is 1. For negative gates (NAND and NOR)
the controlled value is the complement of the controlling value. For AND and OR, it
is the same.

The complement of the controlling value of a gate is the non-controlling value.
At this point of our discussion, it should be clear that if we want to sensitize a
path through given inputs of a gate, we must set all the other inputs„called the
side inputs„to non controlling values. For instance, if we want to sensitize a path
through one input of a three-input NAND gate, we must set the remaining two inputs
to one. If we want to sensitize two paths through a three-input NOR gate, we must
set the remaining input to 0.

Notice that XOR and XNOR gates do not have controlling values. Instead, it is
important to realize that we can only have an odd number of inputs sensitized, if we
want the output to be sensitized. This is because the output of a XOR or XNOR will
always change in response to a single change in the inputs. However, two changes
•cancel out.• Familiarity with these simple facts will help in the next section.

12.3.2 A Simple Test Generation Algorithm

We have seen that the key idea in generating test is to generate a difference between
the good and the faulty circuit and then propagate it to the primary outputs by
creating one or more sensitized paths. The values of the good circuit and the faulty
circuit at the nodes along a sensitized path are complementary. This will be indicated
by 1/0 or 0/1, where the first value is the one of the fault-free circuit. The use of these
compound values is illustrated in Figure 12.8. The values 0/0 and 1/1 are simply
indicated by 0 and 1, respectively. We can see that the only sensitized path in this
circuit (the same as in Figure 12.7) originates at node and reaches the output
through gate G4. We also see that, when 111 is applied to the inputs, the fault-free
circuit outputs a 1, whereas the faulty circuit produces a 0.

In the literature, the symbols D and are used to indicate 1/0 and 0/1, respect-
ively. Indeed, the first complete algorithm for test generation, theD-algorithm,
owes its name to the use of these symbols. D stands for defect.

We are now ready to delineate a simple algorithm for test generation. The inputs
to the algorithm are a description of the circuit and a single stuck-at fault. The output
is a test if one exists, or the indication that the fault is untestable.
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The algorithm initializes all the lines in the circuit to unassigned and then builds
the test by assigning values to the lines that are required for excitation and sensit-
ization and to the lines that drive them, if they are not primary inputs. We shall
use X to indicate unassigned, and 0, 1, 1/0, and 0/1 for the possible assigned val-
ues. An element whose output is unassigned and such that one of its inputs carries
a compound value 1/0 or 0/1 is said to belong to the frontier . The frontier tells us
how far the symptoms of the fault have been propagated. An element whose output
has been assigned, but whose assigned inputs do not imply the output is said to be
unjustified. Examples of frontier and unjustified elements are given in Figure 12.9,
where a fragment of a circuit is shown. The output of G2 is implied by the 0 on
one of its inputs; however, the output of G1 is not implied by its inputs: Hence,G1
is unjustified. Before we proceed to detail the algorithm, we need to discuss several
preliminaries.

From the examples, we have seen that we may have to choose among several
options and possibly retract from some choices because of conflicts. When dealing
with large circuits we may often make choices that lead to other choices, which in
turn lead to other choices. We need a data structure that will allow us to keep track
of these multiple, cascaded choices and will guide us in an orderly examination of all
options.

Such a data structure is the so-called decision tree, a binary tree, similar to the
search tree of the covering problem. Every node corresponds to a signal for which
a choice is made. Along the arcs, we annotate the signals whose values are implied
by the choices made. As a first example, let us revisit the example of Figure 12.7.
The decision tree has a single non-terminal node and is shown in Figure 12.10. The
values along the arc going into the node are uniquely determined by the excitation
and sensitization conditions. As discussed in the previous section, we are faced with
a choice2 when we try to find an input assignment that will cause to be 0. If we
decide to try      first, we create a node labeled and an arc out of it labeled 1.

When we try to propagate backwards the implications of this choice, we imme-
diately find that there is a conflict for We then abandon this path in the decision
tree and backtrack to the last decision node„in our case the only one. This time we
set because we know that there is no test for This assignment forces

2When we discuss implications later on, we shall see that in this example we do not really need
to make choices.
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to 1, because otherwise We realize at this point that we have achieved all our
objectives: The frontier has been propagated to a primary output and no unjustified
lines are left. Hence, we have a test and we terminate.

Notice that in this case we may have claimed termination because we had propag-
ated the fault symptoms to one output and all primary inputs had been assigned
values. However, in general, the requirement that no unjustified lines are left is suf-
ficient. This less stringent requirement will sometimes generate tests where some
primary inputs and possibly some internal lines are left unassigned.

12.3.3 Implications and Backtracking

The parallel between the search tree of the covering problem of Section 4.7 and the
decision tree of the ATPG algorithm is not just superficial. In the covering problem,
it is important that at each node the matrix be maximally simplified by applying
all reduction techniques. When generating a test, it is important to find as many
possible implications of the choices made along the path leading to the current node.
In both cases, the objective is to minimize the number of nodes of the tree that are
actually visited, or, almost equivalently, the number of backtracks. Indeed, in the
ATPG literature, the number of backtracks performed by a given algorithm on a
given example is one of the most important figures of merit.

The importance of carrying out as many implications as possible is illustrated in
Figure 12.11. By just using the implications of the excitation condition ( in the
fault-free circuit), we derive a complete test. Indeed, implies and
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implies Finally, and jointly imply
Another interesting example of implications is shown in Figure 12.12. The fault

excitation condition implies This in turn implies As a result, the
frontier is empty„there are no frontier elements„and we conclude that there is no
test for the given fault.

A third, more complex, example of implications is illustrated in Figure 12.13.
There we can see that all possible sensitized paths must go through gateG8. Those
inputs to G8 that are not reachable from the fault site ( and ) must have non-
controlling values for sensitization to occur. This dictates in this case
Combined with these implications further give and
Finally, and are implied to be 1/0 and is seen to be 0/1. We have found a
test without any backtrack (actually, without even a choice)3. The condition we have
exploited at gate G8 is called unique sensitization.

A further analogy between ATPG and the covering problem is given by the choice
of the splitting variables. In both cases a judiciouschoice may substantially reduce

3The test 1111 creates two sensitized paths in this case. Since this test is the only one for the fault
(it was obtained without any choice), there is no test with a single sensitized path for this example.
Indeed the circuit of Figure 12.13 was used to show that an algorithm that tries to sensitize only
one path at the time may not work.
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the amount of work. For instance, in the case of the example of Figure 12.7, splitting
on rather than would have saved one backtrack. We shall return to this issue in
more detail, after presenting the outline of our test generation algorithm.

1.

2.

3.

4.

5.

6.

Apply the fault excitation condition.

Perform the implications of the last assignment.

If the fault symptoms have reached at least one primary output, justify the
remaining unjustified lines. If justification fails, backtrack and go to Step 2.
Otherwise, exit: A test has been found.

If the frontier is empty, backtrack and go to Step 2.

If the frontier consists of one gate only, perform the resulting implications (this
is discussed later) and go to Step 2.

Choose one signal that is not reachable from the fault site and assign to it either
1 or 0. Create a corresponding node in the decision tree. Go to Step 2.

In Step 6, the restriction on what signals may be chosen is imposed so that we can
restrict the chosen values to 0 and 1. If the selected line were reachable from the fault
site, it might have a 0/1 or 1/0 value. We want to avoid this possibility, to keep the
algorithm simple.

In Step 5, the case of a frontier composed of a single element is considered. In this
case, all unassigned inputs are set to non-controlling values. Clearly, a controlling
value on one of those inputs would stop the propagation. Furthermore, a compound
value on one of those inputs is not possible, because there the frontier contains only
one gate. Indeed, there should be an input to the only frontier element that is X and
is reachable from the fault site. However, along the path there should be a frontier
element for this to happen.

Let us now see how the algorithm is executed for the circuit of Figure 12.14.
Initially, all lines are set to X.

1.

2.

(Step 1) The excitation condition causes  to be 1/0.

(Step 2) Performing the implications of   we  find
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3.

4.

5.

6.

7.

8.

9.

(Step 6) The frontier consists of two elements: G2 andG3. We choose
and create a node in the decision tree for this choice. Our goal, in selecting

is to move the frontier forward (toG4) by allowing propagation of the
fault symptoms through G2.

(Step 2) The implication of is

(Step 6) The frontier now containsG3 andG4. We choose and create a
node in the decision tree.

(Step 2) The implications of are and

(Step 4) The frontier is now empty. We need to backtrack. This is done by
reversing the last choice, i.e., by returning and to the X value and by setting

(Step 2) The implications of are and

(Step 3) The fault symptoms have reached the output and no unjustified lines
remain. A test has been generated (110) and the algorithm returns.

The decision tree generated for this example is shown in Figure 12.15.

12.3.4 Choice of the Decision Variables

Let us now return to the discussion of the choice of a line at Step 6 of the algorithm.
The way we formulated the algorithm, we need only comply with the restriction that
the line we choose is not reachable from the fault site. This, of course, leaves several
strategies possible. We briefly review some of them. In the problems, we shall rely
on our intuition to select an appropriate line to be assigned.

We first notice that our formulation of the algorithm allows us to select both
internal lines and primary inputs. We can also select both unjustified and unassigned
elements. General strategies can be obtained by restricting our choices according to
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these two dichotomies. For instance, in the original D-algorithm we always select
an unassigned input to a frontier gate, until we reach a primary output, or until the
frontier disappear. Then we always select an unassigned input to an unjustified gate.
This strategy is simple, but sometimes inefficient.

In the PODEM algorithm, we always select a primary input. The process whereby
we identify a suitable primary input (one that is likely to advance our cause), and,
the value to assign to it, is called backtrace4. The backtrace procedure is given an
objective„ an internal line and a desired value for it„and it traces a path backwards
in the circuit (whence the name) until an input is found. The initial objective of
backtrace is chosen so as to drive the frontier forward.

Figure 12.16 illustrates an example of backtrace. The initial objective is to set
When the procedure goes through an AND gate having 0 as objective, it selects

one input of the gate and a value of 0 as new objective. Suppose that is chosen. The
new current objective is and the next step is to backtrace through the inverter.
There is no choice involved in this case and the resulting current objective is
When the procedure goes though a NOR gate having 1 as objective, it selects one
input and a value of 0 as new objective. In our case, let us suppose is chosen.
Since is a primary input, the procedure terminates.Notice that does not
suffice to guarantee and that the choices made by the backtrace procedure are
not entered in the decision tree. Backtrace is just a heuristic that identifies a primary
input that may help reaching the objective. At every step of backtrace, the choice of
which input to follow is again heuristic.

In the FAN algorithm, we select either fanout points or head-lines. A head-line is a
line such that all the gates preceding it do not fan out. The selection process is based
on a procedure called multiple backtrace that is an enhancement of the backtrace
procedure used by PODEM. We do not go into the details of how multiple backtrace
works; we just give a rationale for FAN•s approach. We said that reconvergent fan-out
is what makes testing difficult. We choose fan-out points for assignments in the hope
to expose possible conflicting assignments that may occur at those lines early. On
the other hand, we can always justify a head-line to either 0 or 1, because it is the
output of a sub-circuit without fan-out. Hence we want to determine what value the
head-line should have first and postpone the actual justification to when we know we
have a test.

4Not to be confused with backtracking.
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12.3.5 Putting the Pieces Together

Now that we have an algorithm to generate a test for a given fault, we can address
the issue of how this algorithm is used to generate a complete test for a circuit. Given
a circuit, we generate all possible stuck at faults and then identify equivalent faults.
Only one fault, called representative, is chosen from each set of equivalent faults. The
circuit and the list of representative faults are then passed to the ATPG program.
The ATPG program works in conjunction with a fault simulator. A fault simulator
is a program that determines which faults from a given list are detected by a given
set of tests.

The ATPG program picks one fault from the list and tries to generate a test for it.
If no tests exists, the fault is marked untestable and removed from the list. If a test
is found, it is passed to the fault simulator. The point of doing that is that the test
generated for one fault may actually detect many other faults: The fault simulator is
run and all detected faults are removed from the list. Then the ATPG program picks
one of the remaining faults and iterates the process until no faults are found.

There are two advantages in coupling a test generator to a fault simulator. First,
time can be saved, because simulating faults is faster than generating tests. Second,
the number of tests generated is kept small, by not adding tests devised for faults
that are already covered.

In practice, several techniques complement the basic scheme we just outlined.
For instance, it is common practice to apply a set of randomly generated tests to a
circuit. The cost of generating (pseudo) random tests is negligible, and they cover
many faults. It is also common practice to set limits on the number of backtracks
performed for a given fault. Faults that require too many backtracks are aborted.
This is done to prevent a few faults from degrading performance substantially. Finally,
we can mention that the number of tests can be reduced, without affecting the fault
coverage, by applying reverse fault simulation. Once a set of tests has been created,
it is simulated in reverse order of generation. Those tests that provide no additional
coverage are dropped5.

As a final remark to this section, it is important to emphasize that test generation
is computationally expensive. For large circuits, the requirements of test must be
taken into account at the design stage. Various techniques have been developed that
go under the collective name of Design for Testability.

12.4 Redundancy Removal

Our ATPG algorithm can be used to simplify circuits by a method called redundancy
removal. The method is based on the observation we made earlier that an untestable
stuck-at fault signals the redundancy of the circuit. If, for instance, the stuck-at-1
fault at a connection is untestable, it means that that connection can be replaced by
a constant 1, without changing the function performed by the circuit. Redundancy
removal can be applied to the circuit either before or after technology mapping. In the

It is also possible to minimize the number of tests by setting up a covering problem. The
columns correspond to the tests and the rows to the faults.

5


