TueoREM 6.7-3, Thep function for a prime implicant table can be expressed
as a product of factors. Each factor corresponds to one column in the table and
is equel to the sum of the variables that correspond 10 FOWS in which the column

has X's.

If the total number of gates is to be minimized, the minimal sum corresponds
to the fewest variables that when set equal to 1 will cause p to equal 1. Itis
difficult to discover these variables when p is expressed as 3 product of factors.
If the factors ar¢ “multiplied out” by using the theorems of swilching algebra, 2
sum-of-products terms expression will result, When all the variables of any of
these product terms are equal to 1, the function will equal 1. Thus, the product
{erms involving the smallest number of variables correspond to the minimal sums.
The p function for Table 6.79 is multiplied as follows:

(A + BXA + OB + D}C + E)XD + F)XE + F)

(A + BOUD + BF)E + CF)

(AD + ABF + BCD + BCF)E + CF)

ADE + ACDF + ABEF + ABCF + BCDE + BCDF + BCEF + BCF
ADE + ACDF + ABEF + BCDE + BCF

This shows that the minimal sums contain the prime implicants corresponding
cither to rows A, D, and E ot to rows B, C, and F. This agrees with the results
of Table 6.7-10. The other product terms of p correspond 10 other irredundant
sums

p

it

W

5w NS
]

I

If a different cost criterion is used, the procedure is t© associate a cost with
each of the rows of the prime implicant table. The cost corresponding to each
term of the associated p function is found by adding the costs of each of the variables
in the product term. The minimal sum then corresponds to the term with lowest
cost. ‘This will be illusteated by an example in connection with multiple-output
minimal sums.

5.8 TABULAR METHODS FGR MULTIPLE-QUTPUT CIRCUITS

For multiple-output problems that are too large or complicated to be solved by
map techniques, it is necessary to turn to a tabular method for either hand com-
putation or digital-computer usage [Bartee 61], [McCluskey 62). The most obvious
way to extend the single-output technique would be to form each of the product
functions—fy " fa" fr** -—and then to determine the prime implicants for all the
original functions and all the product functions. Although this approach is straight-
forward, it is unnecessarily lengthy. Al the required prime implicants can be
obtained without ever forming the product functions explicity. This is done by
forming a binary character for each fundamental product that appears in any of
the output functions, This binary character is made up of two parts: the identifier,
which is the same as the single-output binary character and identifies the corre:
sponding fundamental product, and the tag, which specifies which of the output
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functions include the fundamental product specified by the identifier portion of
the character. Each symbol of the identifier corresponds to one of the variables
E_.a .mu 0, 1, or — dcpending on whether the variable is primed, unprimed, or
missing. Each symbol of the tag corresponds to one of the output functions and
is either 0 or 1 depending on whether the corresponding fundamental product is
not included in the cutput function or is inciuded in the output function. These
multiple-output characters are shown in Table 6.8-1a. They have been ordered
according to the number of I's in their identifiers.

TABLE 6.8-1 Dctcrmination of multiple-output prime implicaats for
fiw, 2,3, 2) = 22,3 5.7,8,9, 10,11, 13, 15},

fiw, x, .2} = 22 3,5, 6,7, 10, 11, 14, 15}, and

Jw, 2, ¥, z) = £(6,7,8. 9,13, 14, 15)

(a) (v)

w o x ¥y z L i b w 3 y 2 h i b
2001 |11 0¥ @y 0o 0 1 — (1 10 ¥
gli1o000} 1 01 ¥ (2, 6} 0 — 1 o |8 1 0¥

(2, 10) — 0 1 0 110
et iier @h reialie
8, 10 1 -
6|l o110]0o1 1 ¥ dad 0 L L N
g {1001} 10 1 ¥ 3N 0 — 1 1110w
wli1o10] 1 1 0+~ c;:la_nw_.._\
6.7 01 — 1 110
7]e vy 11 ¥ G.El,c,pae.\
:_n—p——e—\ 7 5__I.c___-\
plt11o01]1 01 ¥ 61 §— 1 ¢ 0L
1110 p 1 1 ¥V ®, 1) __a.l_._.oa.\
9, 13) 1 — 0 1 1 0|
15 __n_n_a,mn_ t _ﬁ._ v gy | 101 — |1 o
B (10, 14) 1 — 1 0010 ¥
(2, 15) T 1 11
(11, 15) 1 — 11 110 ¢
(13, 15) 11— 1 1 0 1
(14, 15) 1 11 — o1
(c)
w ox ¥y Zz h h fr
(23,67 g — 1L — | 0 1 0¥
(2,3, 10, 11) — 0 + =0
(2, 6, 10, 14) ——_ 1 0 0 1 0¥
(8,9,10, 11) {1 ¢ — =100
(3,7,11,15) -1 1 t 10
(5,7, 13, 15) -_1 =1 1 0 0
(6.7, 14,15 _ 11 — |0 11
{9, 11, 13, 15) ] — — 1 1 6 0
(10, 11, 14, 15} i — 1 =010 ¥
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Figure 6.8-1 [ilustration of the rule for

fy 12 s formation of binary character tugs.

f: and f;. The only function for which both these characters have I's is /. In
Fig. 6.8-1, the 2- and 6-cells can be combined only on the f; map.
. Just as in the single-output technique, it is necessary to check off some of the
characters, since they do not all correspond to prime implicants. The rule for this
is as follows. A binary character is checked when (1) it is used in the formation
of a new binary character, and (2) the new character has 1's in the same positions
as the character 1o be checked. Thus, in Table 6.8-1, when the (2, 3) character
is formed, both the 2-character and the 3-character are checked. However, when
the (2, 6) character is formed, neither the 2- nor the 6-character should be checked.
The reasoning behind this rule can be seen by considering Fig. 6.8-1. Even though
the 6-cell is combined with the 2-cell for f,, the 6-cell itself is still a prime implicant
of fy* fs

The multiple-output prime implicants are obtained by continuing the process
of comparing binary characters, using the single-output rule for forming new iden-
tifiers, and using the rule just stated for forming new tag portions. The characters
that remain unchecked after the completion of this process correspond to the
multiple-output prime implicants. OFf course, a binary character with an all-0 1ag
portion need not be written down, since it corresponds to a product which is not
included in any of the output functions. Octal numbers can also be used for the
identifiers, but the details of this technique will not be described, since they are
so similar to the octal technique for single-output prime implicants.

6.8-1 Mulftiple-Output Prime Implicant Tables

The process of selecting those prime implicants which are used in forming the
multiple-output minimal sums is carried out by means of a ptime implicant table
which is quite similar to the one used in the single-output case, [McCluskey 62].
There must be a column of this table for each fundamental product of each of the
output functions. The table is partitioned into sets of columns so that all the
fundamental products corresponding to one of the output functions are represented
by a set of adjacent columns as in Table 6.8-2. If a fundamental product occurs
in more than one of the functions, it will be represented by more than one column
of the table. (In Tabie 6.8-2, there are two columns labeled 2, one for f, and one
for f».) Each row of the table corresponds to one of the multiple-output prime
implicants. These are also partitioned into sets of rows by listing first the rows
that correspond to prime implicants of f,, then those for fy, . . . , those for f; * fa
etc.
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