University of Illinois Spring 2008
ECE561 Moulin

Final Exam
Wednesday, May 7, 2008
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Please do not turn this page until requested to do so.

You may use Poor’s textbook and your class notes for this exam. Make sure to show all of your work
on the longer problems for partial credit. Box your answers, and write neatly. Backs of pages
may be used for scratch work if necessary.

There are 5 problems, for a total of 100 points. No calculators are allowed.



Problem 1 (20 pts). Let N;, 1 < i < n, be iid Bernoulli random variables with PriN =1] = I—_}_—e
Consider the following binary hy pothesis test:

Hy: Y= DN
Hi: i=N;®l, 1<i<n,

where @ denotes modulo-2 addition.

(a) (10pts) Derive a test that maximizes Pr{say Hy|Hp] subject to the constraint Prisay Hy|lH;) < 5.
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(b) (10pts) Let 8 = e~"/10 Give a simple approximate value for the threshold of your test, and argue
that the resulting test performs nearly as well as the optimal one.
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Problem 2 (20 pts). Let ¥; and Y be independent Poisson random variables with respective param-
eters 6 and 62,

(2) (10pts) Is there a one-dimensional sufficient statistic for 6 given (Y1,Y2)? If so, identify it.
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(b) (10pts) Is there a MVUE for 6 or for some invertible function of 67
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Problem 3 (20 pts).

(a) (10pts) Derive the ML estimator of § > 0 given the data

)
Yi:Ti-f-.Ni, 1<i<n
%

where {N;, 1 <4< n} are iid N(0,1).

Thi, 5 a Ainkin Cdue B B londiaink ©%0) f
H\-L ?roblf;’w\ \{ 9g+N SV&AA}A Lo, /L-cJCg*N,«,Q;\m/
X Sp= L"" 'FDT 12 gm - 'ﬂ\_b ML eﬁl‘\maf"ar S

A Sn |9) = Orqmun " 4 -0 s”
6., = Mg’moof ' 4
" 8o oo T Loahic tn &, With

is
v Te
B -
‘@7 HLt max
{b) (5pts) Is the ML estimator unbiased?
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(c) (5pts) Is the ML estimator consistent as n — co? Why?"
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Problem 4 (20 pts). Let Y be a binary random variable with Pr[Y = 1] = 6 = 1 — Prly = 0].
Consider the randomized estimator

P 1/2  with prob. v
Y  with prob. 1 —«
whose performance will be assessed using the cost function C(6,8) = (6 — §)2.

(a) (12 pts) Give an expression for the conditional risk of this estimator, in terms of 6 and Y.
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(b) (5 pts) Find the vélue of v that minimizes the worst-case risk over § € [0, 1].
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(¢) (3 pts) Can you argue that the above test is minimax? - |
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Problem 5 (20 pts). Consider the following 8-dimensional integral, viewed as a function of t > 0:

8
= - in2 [ T% e
f<t)—/[:—1,1]3exp{ t;ﬁn ( 2 )} dzy dxo dxsg, t>0.
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(2) (4pts) Give the minimum and the maximum value of the intégrand.
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(b) (8 pts) Propose a computationally efficient discretization method for evaluating f(0.1). How many
points are needed to obtain a precision of | ? (A ballpark estimate is sufficient.)
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(c) (8 pts) Propose a computationally efficient discretization method for evaluating f(2). Explain why
. your method from (b) would be inefficient here.
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* Problem 5 (20 pts). Consider the following 8-dimensional 1ntegra1 viewed as a functlon of t > 0 > 0:
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b) (8 pts) Propose a computationally efficient dlscretlzatlon method for evaluating f(0.1). How man;
y
points are needed to obtain a precision of * | 7 (A ballpark estimate is sufficient.)
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(¢) (8 pts) Propose a computationally efficient discretization method for evaluating f (2) Explain Why
your method from (b) would be inefficient here.
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