
Particle Filtering

Dynamical systems are often modeled using a state-space framework, where the phe-
nomenon of interest is viewed as the unknown state of the system, and noisy measurements of
the state are available to an observer. The state-space model is often assumed to be linear:

xt+1 = Ftxt + Gtut (1)

yt = Htxt + vt (2)

where t = 0, 1, 2, · · · is the time index, xt ∈ R
m is the state vector, yt ∈ R

k is the measurement

vector, and ut ∈ R
p and vt ∈ R

q are independent noise vectors. In these equations, Ft, Gt,
and Ht are known matrices. The second-order statistics of the noise vectors Ut, Vt and the
initial state X0 are known. The well-known Kalman filter recursively produces the so-called
linear MMSE estimator 1 of Xt and the linear MMSE predictor of Xt+1 given all the data
Y0:t = (Y0, Y1, · · · , Yt) available at time t. If the noise sequences and the initial state are
Gaussian, the estimates are also MMSE estimates.

In many problems, the noise in non-Gaussian and/or the linear model (1) (2) is invalid.
The performance of the Kalman filter can be disastrous in such cases – e.g., the filter may
fail to track its target. The extended Kalman filter can cope with some nonlinear models by
using linearization of the state equation around the predicted state [1]. However this filter
may still perform poorly if the linearization is crude and/or the noise statistics are strongly
non-Gaussian.

This has motivated the development of algorithms for nonlinear state-space models in which
optimal MMSE estimators and predictors are produced by a nonlinear recursive filter [2]. The
state-space model is as follows:

xt+1 = ft(xt, ut) (3)

yt = ht(xt, vt) (4)

where the mappings ft : R
m ×R

p → R
m and ht : R

m × R
q → R

k are assumed to be known,
as are the pdf’s pUt

(ut) and pVt
(vt) for the noise vectors, and the pdf pX0

(x0) of the initial
state. The noise sequences are also temporally independent.

Estimation problem: estimate Xt given Y0:t. We denote this estimator by X̂t|t.

Prediction problem: predict Xt+1 given Y0:t. We denote this predictor by X̂t+1|t.

In Sec. 1 we derive a recursive Bayesian filter for this nonlinear dynamical system. This so-
lution requires numerical evaluation of integrals, and this is done using a sequential importance
sampling method (the particle filter, aka the bootstrap filter) [2], as shown in Sec. 2.

Nowadays particle filtering methods are widely applied to problems arising in communica-
tions, image and video processing, and statistics [3, 4, 5, 6].

1That is, the best linear filter in the MMSE sense.
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1 Bayesian Recursive Filtering

The Bayesian approach requires a cost function C(xt, x̂t) and the posterior pdf’s p(xt|y0:t) and
p(xt+1|y0:t). For MMSE estimation, we have C(xt, x̂t) = ‖xt − x̂t‖

2. The optimal estimator
and predictor are given by the conditional means

X̂t|t =

∫

Rm

xt p(xt|Y0:t) dxt, (5)

X̂t+1|t =

∫

Rm

xt+1 p(xt+1|Y0:t) dxt+1. (6)

The posterior pdf’s can in principle be evaluated recursively using the following two-step
procedure.
Step 1: Prediction. We can express p(xt+1|y0:t) in terms of p(xt|y0:t):

p(xt+1|y0:t) =

∫

Rm

p(xt+1|xt, y0:t) p(xt|y0:t) dxt

=

∫

Rm

p(xt+1|xt) p(xt|y0:t) dxt

=

∫

Rm

[
∫

Rp

1{xt+1 = ft(xt, ut)} p(ut) dut

]

p(xt|y0:t) dxt

where in the second line we have used the fact that Y0:t → Xt → Xt+1 forms a Markov chain.
Step 2: Update. Next we express p(xt|y0:t) in terms of p(xt|y0:t−1):

p(xt|y0:t) = p(xt|yt, y0:t−1)

=
p(yt|xt, y0:t−1) p(xt|y0:t−1)

p(yt|y0:t−1)

=
p(yt|xt, y0:t−1) p(xt|y0:t−1)

∫

Rm p(yt|xt, y0:t−1) p(xt|y0:t−1) dxt

=
p(yt|xt) p(xt|y0:t−1)

∫

Rm p(yt|xt) p(xt|y0:t−1) dxt

=
[
∫

Rq 1{yt = ht(xt, vt)p(vt) dvt] p(xt|y0:t−1)
∫

Rm[
∫

Rq 1{yt = ht(xt, vt)p(vt) dvt] p(xt|y0:t−1) dxt

where in the second line follows from Bayes’ rule, and the fourth line from the fact that
Y0:t−1 → Xt → Yt forms a Markov chain.

As discussed in the previous lecture, due to the curse of dimensionality, evaluation of such
integrals (one for each xt!) using deterministic quadrature methods is generally computation-
ally infeasible. The modern approach to recursive MMSE filtering is therefore to use stochastic
integration methods.
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2 Particle Filter

The particle filter, also called bootstrap filter, is a sequential Monte Carlo method which
outputs a stochastic approximation to X̂t|t and X̂t+1|t in (5) and (6).

The first idea is to approximate the conditional-mean estimator and predictor of (5) and
(6) with sample averages:

X̃t|t =
1

N

N
∑

i=1

Xt(i) (7)

X̃t+1|t =
1

N

N
∑

i=1

X∗
t+1(i) (8)

where the N samples Xt(i), 1 ≤ i ≤ N , are drawn iid from the posterior pdf p(xt|Y0:t), and
similarly, the N samples X∗

t+1(i), 1 ≤ i ≤ N , are drawn iid from the posterior pdf p(xt+1|Y0:t).

The second idea (to avoid computation of the integrals giving the posterior pdf’s from which
the samples are drawn) is to reuse the samples Xt(i), 1 ≤ i ≤ N , to generate X∗

t+1(i), 1 ≤ i ≤
N and Xt+1(i), 1 ≤ i ≤ N . Hence the algorithm propagates a set of particles over time. This
is done as follows. Assume we have N iid samples Xt(i), 1 ≤ i ≤ N , drawn from p(xt|Y0:t) and
N iid noise samples Ut(i), 1 ≤ i ≤ N drawn from p(ut).

Step 1: Prediction. Define

X∗
t+1(i) = ft(Xt(i), Ut(i)), 1 ≤ i ≤ N.

By construction, these samples are iid with marginal distribution p(xt+1|Y0:t).

Step 2: Update. Upon receiving a new measurement yt+1, evaluate the importance weights

qi =
p(yt+1|X

∗
t+1(i))

∑N
j=1 p(yt+1|X

∗
t+1(j))

, 1 ≤ i ≤ N.

Resample N times from the set {Xt(i)} with respective probabilities {qi}, obtaining updated
samples {Xt+1(j)} with probabilities

Pr[Xt+1(j) = Xt(i)] = qi, 1 ≤ i, j ≤ N.

By the weighted bootstrap theorem (see appendix), the distribution of the resampled {Xt+1(j)}
converges to the desired posterior

p(xt+1|y0:t+1) ∝ p(yt+1|xt+1) p(xt+1|y0:t)

where the posterior p(xt+1|y0:t+1), the “likelihood function” p(yt+1|xt+1) and the “prior”
p(xt+1|y0:t) play the role of h(·), l(·) and g(·) in (9).
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Choice of N . The number of particles should be “large enough” so that the stochastic
approximations to conditional expectations are accurate, but how large should N be? The
biggest problem is the potential weak overlap of the “likelihood” p(yt+1|xt+1) and the “prior”
p(xt+1|y0:t), which can cause the same samples to be reused many times, leading to an effective

number of samples that is much smaller than N . This problem becomes more significant in
high dimensions. Methods have been proposed in the statistics literature that alleviate this
problem to some extent.

A Weighted Bootstrap

Given an arbitrary positive function l(x) over R
m and a set of samples {X(i), 1 ≤ i ≤ N}

drawn iid from a pdf g(x), we would like to produce iid samples {z(i), 1 ≤ i ≤ N} from the
pdf

h(x) =
g(x)l(x)

∫

g(x)l(x) dx
. (9)

Define the importance weights

qi =
l(X(i))

∑N
j=1 l(X(j))

, 1 ≤ i ≤ N

and the empirical pdf

h̃N (x) =

N
∑

i=1

qiδ(x − X(i))

where δ(·) is the Dirac impulse.

The weighted bootstrap resamples the set {X(i), 1 ≤ i ≤ N} with respective probabilities
{qi}, i.e., for each resample Z we have

Pr[Z = X(i)] = qi, 1 ≤ i ≤ N.

Proposition: Z converges in distribution to h.

Proof. For notational simplicity we give the proof only in the 1-D case (m = 1). We have

Pr[Z ≤ z] =

N
∑

i=1

qi 1{X(i)≤z}

=
1
N

∑N
i=1 l(X(i)) 1{X(i)≤z}

1
N

∑N
i=1 l(X(i))

=
N(z)

N(∞)
.

Since Xi are drawn iid from g(x), it follows from the weak law of large numbers that N(z)
above converges in probability to

Eg[N(z)] = Eg[l(X) 1{X≤z}] =

∫ z

−∞
g(x)l(x) dx.
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Likewise, the denominator N(∞) converges in probability to
∫ ∞
−∞ g(x)l(x) dx. Hence

lim
N→∞

Pr[Z ≤ z] =

∫ z

−∞ g(x)l(x) dx
∫ ∞
−∞ g(x)l(x) dx

=

∫ z

−∞
h(x) dx

which proves the claim. 2
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