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Please do not turn this page until requested to do so.

This is a closed-book exam; you may however use two cheat sheets. Malke sure to show all of your work
on the longer problems for partial credit. Box your answers, and write neatly. Backs of pages may be
used for scratch work if necessary. No calculators are allowed.



Problem 1 (gﬁ pts). A variety of pdf’s can be expressed in the following form:

pe(y) = C(O)A(y)e’.

Derive the cumulant-generating function for such pdf’s.
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- Problem 2 (4@ pts). The Poisson distribution with parameter A > 0 is given by pN(n) = -T%!-)\" e

for n=0,1,2,--:. Its cumulant-generating function is u(s) = A(e® —1).

(a) ‘ (A0 pts) Derive the large-deviation function for px. Show it may be written as w*(a) = Apla/N);
identify and sketch the function ¢. Ir_\aL',cdz te aphees e’{‘ 4;(0)/ 4}(\/@), ¢(g) , ¢(€/)/ and CI?(_W)
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(c) (20 pts) Give a large-deviation upper bound on Pr[N > e)] (where e ~ 2.718). Comment on the
tightness of this bound for A =1 and for A = 108.

Hint. If Ny,---, N, are 1ndependent and Poisson-distributed random variables with respective
parameters A1, -+, Am, then Y ;v N; is also Poisson distributed, with parameter Y 7=, A

' . ’ r
?@i&"f&?"\ = E[N] :)&(,e) -\ W’"): st fae ~¢ A1

A ¥ (&) -

o Tor 221, B wpper bouned & e

| T
ﬂw avdual vl @'(7 % {NZ @ YO -Sfr ENvtE)-{-Pr[:V nyrb\h%’;l]
. = |~ ¢ - (l + 1+ Z}
(<?N(n) = %\'!{\) o |; 25

- 2.8

0. 21%

T em—

.38

= wbeve § times sonadler than wpd™ bound .

o for /)«:!03 We W) khenk o N ao Ale Aum of Mary
0 , /¢ theo ",
n Namolm vowabls . DY ﬂﬁ/oa»hen il Cmer/s Theore

Pcﬂ%o
“ \bm W I ﬁj)\/" in (e 4’3)0}’07\.&41'

U ZA/? Auvi @
,Qy\ ?rLN;t/)\j = ~ -

\JfDWLVU ﬂu, buwiuﬂ on ?\'[j }50,@ X &ose,



_Problem 3 (40 pts). The following problem is encountered in optical communications. A device
counts N photons during 7" seconds and decides whether the observations are due to background noise
or to signal plus noise. The hypothesis test is of the form

Hy: N ~ Poisson(T) versus Hi: N ~ Poisson(eT).

We'd like to design the detector to minimize the probability of miss Py subject to an upper bound
Pr < e~%T on the probability of alarm. Here o > 0 is a tradeoff parameter. When T is large, we can
use large-deviations bounds to approximate the optimal test.

Derive a large-deviatibns bound on Py, and determine the range of  in which your bound is useful.
~ Sketch the corresponding curve —%ln Pir vs —-%: In Pr and identify its endpoints.
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