ECEbH61: Detection and Estimation Theory

HW3 Solutions

Professor Olgica Milenkovic Spring 2009

Problem 1 (20 points)

a) The Bayesian decision rule with equal priors is an ML rule. So

dnr(y) = argmax;p;(y), j =0,1,...,4

where p;(y) = Lexp (—l(y —j+ 2)2>, j=0,1,...,4 So, dnr(y) = argmin;(y — j + 2)°

2T 2
which results in
0 if y < —15
1 if =15 < y < =05
Svur(y) =4 2 if =05 < y < 0.5
3 if 05 < y < 1.5
4 if y > 1.5

b) 7(dpr) = 0.2 Z P(error|H;)

j=0

So, |7(8) = 0.2(2 x Q(0.5) +3 x 2 x Q(0.5)) = 1.6 x Q(0.5)

Problem 2 (20 points)
Since 7y is independent of the observations,
Eﬂ—o [7TOR0(6) -+ (1 — 7T0)R1((5>] == E[WQ]R()((;) + (1 — E[ﬂ'o])Rl((5>

The optimal rule the optimal Bayesian test with E[m] replacing my. So, the optimal rule is

1 if Ly) >
o(y) =

0 if L(y) <7

. C1ro — Coo E[Wo}
where, 7 = .

Cor—Cn 1-— E[Wo]



Problem 3 (20 points)

a) The likelihood ratio is:

Y ly:| < % for all : € {1,.., N}
w1

Ln(y) = 0

oo if |y € (2 U;l} for at least one i € {1,...,N}

So, an additional sample is drawn if:

o |y;| <%, and
log(A)
log(wy) — log(w)

e Number of samples with [y;| < 3 is less than n =

b) Pr = P(Ly(y) > B|Hj) = 0 because when Hj is true, Ly(7) < 1 and we know that
B> 1.

= (< im) = (2

c) Clearly, E[N|Hy| =

2
w, wg\ W w w
Mmezl—i-w-p_9J+31—i =)+
w1 w1 Uél 2) w1 w1 (n—1)
w wo\ \"™ w wo\ \"~ wo\"
w1y w1y wq wq wq
Wo n
1— (=2
Wy

Problem 4 (20 points)

Ni(n) (n=N1(n))
_ b1 q1
a) Ly(y)=|— - =
) N() (Po) (%)

So,
log(Lu(@) = Nin) -log <p1>+(n_N1<n>>.10g (q)

= Ni(n)- (log]z%;t) —lo <q0>> +nlogqo<z]lo>

The optimal Bayesian rule for the SPRT is



1 if log(L,(y)) > log(B)
o(H =140 if log(L,(7)) <log(A)

take another sample if otherwise
By substituting the expression we have for log(L, (7)) we get
1 —n-1
) N, (n) > og(B) —n - log(q1/qo)
log(p1/po) — log(a1/ QO))
)

- log(A) —n -1
5(3/) = 0 if Nl(n) < Og( ) n Og(QI/QO
log(p1/po) — log(a1/qo
take another sample if otherwise

So, we take another sample if ¢ +nn < Ni(n) < d + nn, where
a

™ log(p1/p0) ; log(q1/40)

4= log(p1/po) — log(q1/q0)
. log(qo/ 1)

- log(p1/po) — log(q1/qo0)

P 1074
b) a =log(A) = log < M ) = log () ~ —9.2

1— P 1—104

1— Py 1-1074
b =log(B) = log ( By ) = log (10_4> =—a~92
So,|¢=—3.32,d =3.32, n = 0.5|

c) D(Py||Py) =log(po/p1) - Po + log(qo/q1) - qo = £ log(2)

D(Py||Py) = log(p1/po) - p1 +log(q1/q0) - ¢1 = Elog(2)

1 1— Py Py
EIN|H) = —— . |Pn-1 1— Pl —11.
NIHo = —pprp {F Og( Pr >+( ) Og<1—PFﬂ 07

E[N|H,] = 11.07

d) C(Fo, 1) = = orgnui% log (plle(()l_U) + (1 —p)“(1 = po)(l_"))

*

Ut = argmingc,<; log (plfpél_") + (1 —p)¥(1 — po)(l—u))
= 0.5
C(Py, P1) = —log(2- \/p1 - po) = log(1.25)



For PF = PM = PE
— log(Pg)
C(POJ Pl)
So, the reduction in the number of samples when using SPRT is ~ 73%.

N =~ =41.27

Problem 5 (20 points)

a) From the observation mentioned in the question, the optimal test for at most k + 1 col-
lected observations should be optimal for all tests that have observations up to k£ + 1, i.e
k,k —1,...,1 observations. Therefore, the following should also be satisfied:

Virr(mo) = min{T'(mo), D + Ey; [V (m0(Y1))]}

Since we didn’t go with the choice of deciding without any observations, T(my) > D +
Ey, [V (mo(Y71))]. After each observation, the cost of the decision increases (getting closer to
T(mp)) and at k+1 the cost of the decision is:

Vier1(mo) = min{T'(m), D + Ey, [Vi(mo(Y1))]}

. 0 if ) S 0.5
b) T'(mp) = min{Crm.Cps(1 —m) } =

].-71'0 if 7T0>0.5

mopo(Y1)
And, mo(1) = Topo(Y1) + (1 — mo)p1 (Y1)
By, [Vo(r(Y1))] = P(Yi=1) Vy(r(1)) + P(Y1 = 0) - Vo(7(0))
0 if 0<m<0.2
= o if 0.2<m<0.8

1—mg if 08 <m <1
™0 if 0 S 0 S 0.3
So, Vi(my) = min{T(m), D + Ev, [Vo(n(Y1))]} =< 0.3  if 0.3< 7 <0.7

1—7'('0 if 07§7T0§]_
Thus, 71" = 0.3, 7 = 0.7

Tterate...



o
0.26m9 4 0.19
V(mo) = 0.3
—0.04m + 0.32

—0.93m 4+ 0.93
And,

7 = 0.258, 77 = 0.742

if

if
if

0 <m <0.258
0.258 < mp < 0.418
0.418 < mp < 0.582
0.582 < mp < 0.742
0.742 <7y <1



